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FOUR-DIMENSIONAL ALGEBRAIC TORI
NICOLE LEMIRE
Abstract. The study of the birational properties of algebraic k-tori began in the sixties and sev-
enties with work of Voskresenkii, Endo, Miyata, Colliot-The´le`ne and Sansuc. There was particular
interest in determining the rationality of a given algebraic k-tori. As rationality problems for al-
gebraic varieties are in general difficult, it is natural to consider relaxed notions such as stable
rationality, or even retract rationality. Work of the above authors and later Saltman in the eighties
determined necessary and sufficient conditions to determine when an algebraic torus is stably ratio-
nal, respectively retract rational in terms of the integral representations of its associated character
lattice. An interesting question is to ask whether a stably rational algebraic k-torus is always ratio-
nal. In the general case, there exist examples of non-rational stably rational k-varieties. Algebraic
k-tori of dimension r are classified up to isomorphism by conjugacy classes of finite subgroups of
GLr(Z). This makes it natural to examine the rationality problem for algebraic k tori of small
dimensions. In 1967, Voskresenskii [Vos67] proved that all algebraic tori of dimension 2 are rational.
In 1990, Kunyavskii [Kun87] determined which algebraic tori of dimension 3 were rational. In 2012,
Hoshi and Yamasaki [HY12] determined which algebraic tori of dimensions 4 and 5 were stably
(respectively retract) rational with the aid of GAP. They did not address the rationality question
in dimensions 4 and 5. In this paper, we show that all stably rational algebraic k-tori of dimension
4 are rational, with the possible exception of 10 undetermined cases. Hoshi and Yamasaki found 7
retract rational but not stably rational dimension 4 algebraic k-tori. We give a non-computational
proof of these results.
1. Introduction
Rationality problems in algebraic geometry are central but notoriously difficult questions, making
it natural to consider relaxed notions. Let k be a field and let X be a k-variety. X is k-rational if it
is birationally isomorphic to projective n space, Pnk ; X is stably k-rational if X×kAr is rational for
some r ≥ 0. X is retract k-rational if there exist rational maps f : X −→ An and g : An −→ X such
that g ◦ f = idX . X is k-unirational if there exists a dominant rational map Pmk −→ X, for some
m. Note that rationality implies stably rationality implies retract rationality implies unirationality.
It is not too hard to find non-stably rational retract rational k-varieties - we will discuss such
examples later. It is much more difficult to find non-rational stably rational k-varieties - although
examples were found by Beauville, Colliot-The´le`ne, Sansuc and Swinnerton-Dyer [BCTSSD85] in
1985. In this paper, we examine the rationality problem for algebraic k-tori of dimension 4 where
k is a field of characteristic 0. For algebraic k-tori, the question of whether there exist non-rational
stably rational algebraic k-tori remains open to the best of the author’s knowledge.
For any fixed quasi-projective k-variety X, a k-form of X is another k-variety Y which is isomorphic
to X after extending to the separable closure ks of k. Isomorphism classes of k-forms of X are in bi-
jection with elements of non-abelian Galois cohomology set H1(Gk,Aut(X)) where Gk = Gal(ks/k)
is the absolute Galois group.
An algebraic k-torus T of dimension r is a k-form of a split k-torus so that
T ×k ks ∼= Grm,ks
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Algebraic k-tori of dimension r are determined up to isomorphism by continuous representations
of Gk into GLr(Z). Any algebraic k-tori of dimension r is split by a finite Galois extension L over
k. That is, there exists a finite Galois extension L/k such that
T ×k L ∼= Grm,L
Algebraic k-tori of dimension r which are split by a finite Galois extension L/k are in bijection with
conjugacy classes of finite subgroups of GLr(Z). More precisely, a finite subgroup G of GLr(Z)
up to conjugacy determines a G-lattice MG up to isomorphism. Then TG = Spec(L[MG]
G) is an
algebraic k-torus of dimension r split by L. Conversely, the character lattice of an algebraic k-torus
of dimension r split by L is a G-lattice of rank r and so determines a conjugacy class of finite
subgroups of GLr(Z).
Given a finite subgroup G of GLr(Z) and a Galois G-extension L/k, the function field TG =
Spec(L[MG]
G) is the quotient field K = L(MG)
G of L[MG]
G. This concrete description allows us
to take advantage of the fact that each of the rationality concepts defined above for a k-variety X
can be rephrased in terms of its function field K = k(X). X is k-rational if and only if K/k is a
rational extension, i.e. there exist z1, . . . , zn ∈ K which are algebraically independent over k and
such that K = k(z1, . . . , zn). X is stably k-rational if and only if there exists a field L containing K
which is rational over both k and K. X is retract k-rational if and only if K contains a k-algebra
R such that K is the quotient field of R and the identity map 1R factors through the localisation
of a polynomial ring over k. X is k-unirational if and only if k ⊆ K ⊆ k(x1, . . . , xm) for some m.
Voskresenskii, Endo, Miyata, Colliot-The´le`ne, Sansuc, Saltman studied the rationality problem for
algebraic k-tori from the sixties to the eighties [Vos67, Vos70, Vos74, Vos82, EM73a, EM73b, EM74,
EM75, EM76, CTS77, CTS87, Sal84]. They determined conditions under which a algebraic k-torus
is stably rational, and retract rational respectively. The conditions were phrased in terms of the
character lattice of the algebraic k-torus as a lattice over its splitting group.
For algebraic tori of small dimensions, the question of retract/stable rationality has been addressed.
Since algebraic k-tori of dimension r split by a Galois extension L/k are determined up to isomor-
phism by conjugacy classes of finite subgroups ofGLr(Z), this is a finite set by a theorem of Jordan.
For small values of r, the classification of conjugacy classes of finite subgroups is known but the
number of such conjugacy classes grows rapidly with r.
For r = 2, there are 13 conjugacy classes of finite subgroups of GL2(Z) and hence 13 possible
isomorphism classes of algebraic k-tori. Voskresenskii [Vos67] showed in 1967 that all 2-dimensional
algebraic k-tori are rational.
For r = 3, there are 73 conjugacy classes of finite subgroups of GL3(Z), a classification due to
Tahara [Tah71] in 1971. In 1990, Kunyavskii [Kun87] classified algebraic k-tori of dimension 3 up
to birational equivalence. He found that all but 15 were rational. The remaining 15 were not even
retract rational.
There are 710 conjugacy classes of finite subgroups of GL4(Z). Dade [Dad65] found the maximal
conjugacy classes of finite subgroups of GL4(Z) in 1965 without the use of a computer by analyzing
the quadratic forms stabilized by the subgroups. In 1971, Bu¨low, Neubu¨ser [BN70] determined
all the conjugacy classes of finite subgroups of GL4(Z) using Dade’s classification and computer
techniques. In 1978, together with H. Brown, H. Wondratschek, and H. Zassenhaus [BBN+78], they
wrote a book on Crystallographic Groups of Four-Dimensional Space. This classification determined
the library of crystallographic groups of dimensions 2,3,4 which is programmed into GAP [GAP15].
In 2012, Hoshi and Yamasaki [HY12] determined which algebraic tori of dimensions 4 and 5 are
stably (respectively retract) rational using GAP. For dimension 4, they found that 487 algebraic
tori are stably rational, 7 are retract but not stably rational and the remaining 216 are not retract
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rational. They did not address the issue of rationality. In this paper, I show that all but possibly
10 of the stably rational algebraic tori of dimension 4 are rational.
An important source of examples of algebraic tori are the norm one tori. Given a separable field
extension K/k of degree n and L/k the Galois closure of K/k, the norm one torus R
(1)
K/k(Gm) is the
kernel of the norm map RK/k(Gm)→ Gm where RK/k is the Weil restriction [Vos98, Section 3.12].
Note RK/k(Gm) is split by L/k. Let G = Gal(L/k) and H = Gal(L/K). The character lattice of
R
(1)
K/k(Gm) is given by the G-lattice JG/H , the dual of the kernel of the augmentation ideal of the
permutation lattice Z[G/H].
The rationality problem for norm one tori was studied by many authors [EM74, CTS77, CTS87,
LB95, CK00, LL00, Flo06, End11]. The stable and retract rationality of norm one tori corre-
sponding to Galois field extensions is well understood by work of Endo, Miyata, Saltman, Colliot-
The´le`ne, Sansuc.
Theorem 1.1. Let K/k be a finite Galois extension with Galois group G. Let R
(1)
K/k(Gm) be the
corresponding norm 1 torus.
(1) R
(1)
K/k(Gm) is retract rational if and only if the Sylow subgroups of G are cyclic. [EM74, Sal84]
(2) R
(1)
K/k(Gm) is stably rational if and only if the Sylow subgroups of G are cyclic and Hˆ
0(G,Z) =
Hˆ4(G,Z) where Hˆ indicates Tate cohomology. [EM74, CTS77]
Note that the conditions above are equivalent to the following restrictions on the structure
of the group G:
G = Cm or G = Cn × 〈σ, τ : σk = τ2d = 1, τστ−1 = σ−1〉
where d ≥ 1, k ≥ 3, n, k odd and gcd(n, k) = 1.
These theorems were proven in the 1970s. Some cases of non-Galois separable extensions were dealt
with much more recently.
Theorem 1.2. [End11] Let K/k be a finite non-Galois separable field extension and let L/k be
the Galois closure of K/k. Let H ≤ G be the Galois groups of L/K and L/k respectively.
(1) If G is nilpotent, then the norm one torus R
(1)
K/k(Gm) is not retract rational.
(2) If all the Sylow subgroups of G are cyclic, then the norm one torus R
(1)
K/k(Gm) is retract
k-rational and, we have that R
(1)
K/k(Gm) is stably k-rational if and only if either G = D2n
where n is odd or G = Cm × D2n where n is odd and gcd(m,n) = 1 and H ≤ D2n is a
cyclic group of order 2.
Theorem 1.3. [CTS87, LB95, CK00, LL00, End11] Let K/k be a finite non-Galois separable field
extension and L/k be the Galois closure of K/k such that the Galois group of L/k is Sn and that
of L/K is Sn−1. Then
(1) R
(1)
K/k(Gm) is retract k-rational if and only if n is prime.
(2) R
(1)
K/k(Gm) is (stably) k-rational if and only if n = 3.
Theorem 1.4. [End11] Let K/k be a non-Galois separable field extension of degree n and let L/k
be the Galois closure of K/k such that the Galois group of L/k is An, n ≥ 4 and that of L/K is
An−1. Then
(1) R
(1)
K/k(Gm) is retract k-rational if and only if n is prime.
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(2) For some positive integer t, [R
(1)
K/k(Gm)]
(t) is stably k-rational if and only if n = 5.
S. Endo asked in [End11] about the stable rationality of R
(1)
K/k(Gm) in the A5 case. Hoshi and
Yamasaki [HY12] used GAP to show that in fact R
(1)
K/k(Gm) is stably rational in this case. In
this paper, we present a non-computational proof of that fact. The norm one torus R
(1)
K/k(Gm)
corresponding to A5 has character lattice JA5/A4 . It is one of the ten algebraic k-tori of dimension
4 which is stably rational but whose rationality is unknown. Another of these exceptional stably
rational algebraic k-torus of dimension 4 whose rationality is unknown is intimately related to this
norm one torus. In fact its splitting group is A5 × C2 and its character lattice restricts to JA5/A4
on A5. The character lattices of the remaining 8 stably rational algebraic k-tori whose rationality
is unknown are also intimately related. See Section 5 for more details.
This paper is organised as follows. In Section 2, we will recall some facts about algebraic k-tori
and conditions for stable and retract rationality. In Section 3, we will determine some families of
hereditarily rational algebraic k-tori. We call an rational algebraic k-torus corresponding to a finite
subgroup G of GLr(Z) hereditarily rational if an algebraic k-tori corresponding to any subgroup of
G is rational. We do not know whether all rational algebraic k-tori are hereditarily rational but we
show this to be the case for a number of natural families of algebraic tori. In Section 4, we show
that 8 of the 10 maximal conjugacy classes of GL(4,Z) which correspond to stably rational tori
from Hoshi and Yamasaki’s list have corresponding algebraic tori which are hereditarily rational.
We then use GAP to show that the set of rational k-tori obtained from subgroups of these groups
is of size 477 and matches the set of stably rational k-tori of dimension 4 obtained by Hoshi and
Yamasaki with 10 undetermined exceptions. Note that the use of GAP is very minimal: it is
limited to finding conjugacy classes of finite subgroups of GL4(Z) which are subgroups of the
groups corresponding to the 8 hereditarily rational algebraic k-tori mentioned above. In Sections
5 and 6, we give non-computational proofs that the remaining two maximal algebraic k-tori of
dimension 4 are stably rational, recovering the results of Hoshi and Yamasaki. We also show that 7
algebraic k-tori of dimension 4 are retract but not stably rational in a non-computational way, also
recovering the results of Hoshi and Yamasaki. We remark that some rationality results for stably
rational algebraic tori of dimension 5 have been found by Armin Jamshidpey in a thesis which is
soon to be defended.
2. Preliminaries
We begin with some remarks on notation used in this paper. Throughout, k will be a field of
characteristic zero. We will see that this hypothesis is necessary to apply the criteria for stable and
retract rationality.
For finite groups, we will denote by Cn the cyclic group of order n; by D2n the dihedral group of
order 2n; by Sn the symmetric group on n letters and by An the alternating group on n letters.
We will discuss below root system terminology, algebraic torus - lattice correspondence, lattice
terminology and birational properties of algebraic tori.
2.1. Root Systems. For more information on root systems, see, for example, Humphreys [Hum72,
Chapter III]. Here we will review the notation that we will use on root systems. Note that we use
root systems on vector spaces over Q, instead of R, but as our root systems are all crystallographic,
this does not affect the theory. Let Φ be a root system on a finite dimensional Q vector space V
equipped with a fixed symmetric bilinear form (·, ·). Then, by definition, V = QΦ and the reflection
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sα : V → V in the root α ∈ Φ, is given by
sα(x) = x− 〈x, α〉α
where
〈x, y〉 = 2(x, y)
(y, y)
, x, y ∈ V
The Weyl group of Φ, or the group generated by these reflections, will be denoted by W (Φ). Recall
that for a basis ∆ for the root system Φ, we have
W (Φ) = 〈sα : α ∈ Φ〉 = 〈sα : α ∈ ∆〉
so that the Weyl group can be generated by just the simple reflections, those with respect to roots
in ∆. Recall that Aut(Φ), the group of automorphisms of the root system Φ, is
Aut(Φ) = {g ∈ GL(QΦ) : 〈gv, gw〉 = 〈v,w〉, v, w ∈ QΦ}
The Weyl group W (Φ) is a subgroup of Aut(Φ). We will denote by ZΦ, the root lattice of Φ. ZΦ
is the Z-span of Φ and has Z-basis ∆, where ∆ is a basis of Φ. Its weight lattice is
Λ(Φ) = {x ∈ QΦ : 〈x, α〉 ∈ Z for all α ∈ Φ}.
ZΦ ⊆ Λ(Φ) are lattices of the same rank and both are stabilised by the finite subgroup Aut(Φ) and
so by its subgroup W (Φ).
A root system is irreducible if Φ cannot be partitioned into two proper orthogonal subsets. Root
systems can be decomposed into a disjoint union of irreducible root systems. There is a classifi-
cation of irreducible root systems. There are 4 infinite families An, Bn, Cn,Dn and exceptionals
E6, E7, E8, F4, G2. For our applications, we will mainly be referring to the irreducible root systems
of type An, Bn, F4 and G2. We will refer to Humphreys [Hum72, III,12,13] for explicit construc-
tions of the irreducible root systems, their bases, Weyl groups, weight lattices and automorphism
groups.
We make some particular remarks about automorphism groups of root systems that will be used
subsequently. The automorphism group of An is W (An)×C2 = Sn+1 ×C2. As an W (An) = Sn+1
representation, the root lattice of An is IXn+1 , the augmentation ideal of the Sn+1-permutation
lattice corresponding to the natural transitive Sn+1-set Xn+1 with stabilizer subgroup Sn. As an
Aut(An)-representation, the root lattice of An is IXn+1 ⊗ IY2 where Xn+1 is the Aut(An)-set on
which C2 acts trivially and Sn+1 acts as above; and Y2 is the Aut(An)-set of size 2 on which C2 acts
transitively and Sn+1 acts trivially. Note that Aut(A2) = W (G2) and the root lattice of G2 and
A2 coincide. This implies that the root lattice of G2 is IX3 ⊗ IY2 as an Aut(A2) = S3 × C2-lattice.
2.2. Lattice-Tori Correspondence. We will discuss in more detail the correspondence between
isomorphism classes of algebraic k-tori of dimension r and conjugacy classes of finite subgroups of
GLr(Z) as well as criteria for determining whether a given algebraic k-torus is retract or stably
rational. [Vos98, Chapter 2]
An algebraic k-torus of dimension r is a k-form of a split k-torus Grm. As discussed in the introduc-
tion, this implies that isomorphism classes of algebraic k-tori are in bijection with elements of the
non-abelian Galois cohomology set H1(Gk,Aut(Grm)) where Gk = Gal(ks/k) is the absolute Galois
group of k. Since Gk acts trivially on Aut(Grm) = GLr(Z), elements of H1(Gk,Aut(Grm)) are actu-
ally continuous homomorphisms of the compact profinite group Gk into the discrete group GLr(Z)
and as such have finite image. This shows that algebraic k-tori of dimension r are determined up
to isomorphism by continuous representations of Gk into GLr(Z) or equivalently by lattices of rank
r with a continuous action of Gk up to isomorphism.
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Given such a continuous representation ρ : Gk → GLr(Z), and the associated Gk lattice M of
rank r, Spec(ks[M ]
Gk) is an algebraic k-torus. Conversely, an algebraic k-torus T determines its
character lattice Tˆ = Hom(T,Gm) which is a lattice equipped with a continuous action of Gk.
Every algebraic k-torus is split by a finite Galois extension. In fact, if the algebraic k-torus is
determined by a continuous representation ρ : Gk → GLr(Z) with associated Gk lattice M of
rank r, then for N = ker(ρ), L = kNs is a finite Galois extension of k = k
Gk
s with finite Galois
group G ∼= Gk/N ∼= ρ(Gk). Note that L[M ]G = (ks[M ]N )Gk/N = ks[M ]Gk . Isomorphism classes of
algebraic tori of rank r split by a finite Galois extension L/k with Galois group G are in bijection
with isomorphism classes of G-lattices of rank r. Here the G-lattice M determines the algebraic
torus split by L/k as Spec(L[M ]G) and conversely the algebraic torus T with splitting group G
determines its character lattice which is a G-lattice.
Criteria for determining the stable (respectively retract) rationality of an algebraic k-torus split by
a finite Galois extension L/k with Galois group G are phrased in terms of the integral representation
theory of the character lattice as a G-lattice. To describe these criteria, we need some definitions
about G-lattices.
We introduce some notation: For a finite Galois extension L/k with Galois group G, we will denote
by C(L/k), the category of algebraic k-tori split by L and by C(G), the dual category of G-lattices
(torsion-free G modules) of finite rank.
2.3. Lattice terminology. For more details, see for example, Lorenz [Lor05].
Definition 2.1. Let G be a finite group. Note that for a G-lattice M and a subgroup H of
G, Hˆk(H,M) refers to the kth Tate cohomology group of M as an H module, where k ∈ Z.
(1) For a G-lattice the dual latticeM∗ = Hom(M,Z) is a G-lattice with (g·f)(m) = g·f(g−1 ·m)
for f ∈M∗, g ∈ G, m ∈M .
(2) A permutation G-lattice is a G-lattice with a finite Z basis which is permuted by the action
of G. All transitive permutation lattices with stabilizer subgroup H are isomorphic to
Z[G/H] where G/H is the set of left cosets of H in G. Any permutation G-lattice is the
direct sum of a finite number of transitive G permutation lattices.
(3) A sign permutation G-lattice is a G-lattice with Z-basis which is permuted by the action of
G up to sign.
(4) Given an H-lattice N where H ≤ G, IndGH(M) = ZG⊗ZH M is the G-lattice induced from
the H lattice M . Note that IndGH(Z) = Z[G/H].
(5) An invertible or permutation projective G-latticeM is a G-lattice which is a direct summand
of a G permutation lattice. That is, there exists a G-lattice M ′ such that M ⊕M ′ = P for
some G permutation lattice P .
(6) A G-lattice M is quasipermutation if there exists a short exact sequence 0 → M → P →
Q→ 0 of G-lattices with P,Q G-permutation lattices.
The following are some natural G-lattices associated with each G-permutation lattice:
Definition 2.2. For a finite G-set X, let the associated permutation G-lattice be denoted as Z[X].
A natural G sublattice is the augmentation ideal IX given by the kernel of the G-equivariant
homomorphism ǫX : Z[X]→ Z, sending x→ 1 for all x ∈ X. But then
0→ IX → Z[X]→ Z→ 0
is a short exact sequence of G-lattices. Let JX = (IX)
∗ be its Z dual. Then JX satisfies the short
exact sequence of G-lattices
0→ Z→ Z[X]→ JX → 0
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Definition 2.3. [CR90] Facts and Theorems about Tate Cohomology:
Let G be a finite group and M be a G-lattice. Then
(1) Let NG :M →MG be the norm map NG(m) =
∑
g∈G g ·m. Then

Hˆk(G,M) = Hk(G,M) if k ≥ 1
Hˆ0(G,M) = kerM (NG)/IG(M)
Hˆ−1(G,M) =MG/ kerM (NG)
Hˆ−i−1(G,M) = Hi(G,M) if i ≥ 1
(2) (Duality) Hˆk(G,M) ∼= Hˆ−k(G,M∗) where M∗ is the Z dual lattice of M .
(3) (Shapiro’s Lemma): For an H-lattice N , where H ≤ G, we have
Hˆk(G, IndGH(N))
∼= Hˆk(H,N)
where IndGH(M) = ZG⊗ZH M is the G-lattice induced from the H-lattice M .
Definition 2.4. (1) A G-lattice M is flasque if Hˆ−1(H,M) = 0 for all subgroups H ≤ G.
(2) A G-lattice M is coflasque if Hˆ1(H,M) = 0 for all subgroups H ≤ G.
Following Voskresenskii, we denote by S(G) the class of all permutation G-lattices, D(G) the class
of all invertible G-lattices, Hˆ−1(G) the class of all flasque G-lattices, Hˆ1(G) the class of all coflasque
G-lattices and H˜(G) = H1(G) ∩H−1(G). Then
S(G) ⊂ D(G) ⊂ H˜(G) ⊂ H i(G) ⊂ C(G)
where each inclusion is proper. Most inclusions are clear: permutation lattices are flasque and
coflasque due to Shapiro’s Lemma, so invertible lattices must also be flasque and coflasque as the
direct summands of permutation lattices. Note also permutation lattices are self-dual and that the
dual of a flasque G-lattice is coflasque (and vice-versa).
The following definitions and results are due to Voskresenskii, Endo-Miyata, Colliot-The´le`ne and
Sansuc
Definition 2.5. We say that two G-lattices M,N are stably isomorphic and write [M ] = [N ] if
and only if there exist permutation lattices P,Q such that M ⊕ P ∼= N ⊕Q.
Theorem 2.6. (See [Lor05, Lemma 2.6.1]) A G-lattice M has a flasque resolution. That is, there
exists a short exact sequence of G-lattices
0→M → P → F → 0
such that P is G-permutation and F is G-flasque. Given 2 flasque resolutions of a G-lattice M
0→M → Pi → Fi → 0, i = 1, 2
we have that [F1] = [F2].
Definition 2.7. We may then define the flasque class of the G-lattice M to be ρG(M) = [F ] where
0→M → P → F → 0 is a flasque resolution and [F ] is the stable isomorphism class of F .
Remark 2.8. The proof that every G-lattice has a flasque resolution (see eg. [Lor05, Lemma 2.6.1])
is straightforward and constructive but relies strongly on knowledge of the conjugacy classes of sub-
groups of G and the restrictions of the G-latticeM to these subgroups. Hoshi and Yamasaki [HY12]
gave algorithms to construct these flasque resolutions for G-lattices of ranks up to 5 for which all
of this information is known.
8 NICOLE LEMIRE
Definition 2.9. We say that G-lattices M and N are flasque equivalent if there exist short exact
sequences of G-lattices such that
0→M → E → P → 0, 0→ N → E → Q→ 0
Note that M ∼G 0 if and only if M is a quasipermutation G-lattice. Note that M ∼G N if and
only if ρG(M) = ρG(N). (See [Lor05, Lemma 2.7.1]).
2.4. Birational properties of algebraic k-tori. We will give a brief summary of how the con-
cepts in the last section can be used to discuss birational properties of algebraic k-tori. A more in
depth discussion can be found in [Vos98, Chapter 2].
Given an algebraic k-torus T ∈ C(L/k) where L/k is a finite Galois extension with group G, we
may find by resolution of singularities (due to Hironaka in characteristic 0) a smooth projective
k-variety X which contains T as an open subset. [Note, this is the reason for our characteristic
zero assumption.] X is called a projective model of T . Then X and T are birationally isomorphic.
Then XL = L⊗kX is rational since XL and TL are birationally equivalent. Then the Picard group
of XL, Pic(XL), is a G-lattice. Given two such projective models X,Y of T , Pic(XL) is stably G
isomorphic to Pic(YL). So the class of [Pic(XL)] is a birational invariant. For any intermediate field
extension k ⊂ K ⊂ L with H = Gal(L/K), Hˆ±1(H,Pic(XL)) are also birational invariants of T
and Hˆ−1(H,Pic(XL)) = 0. The inclusion TL into XL induces a short exact sequence of G-lattices
0→ Tˆ → Sˆ → Pic(XL)→ 0
where Sˆ is generated by the components of the closed subset XL−TL. Sˆ is a G-permutation lattice
and as observed above, Pic(XL) is a flasque G-lattice.
This gives a geometric construction of a flasque resolution of the G-lattice Tˆ . If T is k-rational, so
is X and then [PicXL] = 0. In fact if T is stably k-rational then so is X and so X×kGrm is rational
for some r ≥ 0 but Pic(XL ×k Grm,L) = Pic(XL) and so we again have [Pic(XL)] = 0.
This gives the basic setup behind the following results connecting birational properties of algebraic
k-tori to properties about the integral representation of their character lattices over a splitting
group.
Theorem 2.10. (Endo-Miyata, Voskresenskii, Saltman) Let L/k be a finite Galois extension with
Galois group G and let T, T ′ ∈ C(L/k) with character lattices Tˆ , Tˆ ′ in C(G).
(1) ([EM73a, Theorem 1.6]) T is stably k-rational if and only if Tˆ ∼G 0 (equivalently Tˆ is a
quasipermutation G-lattice).
(2) ([Vos74, Theorem 2]) T and T ′ are stably birational k equivalent if and only if Tˆ ∼G Tˆ ′.
(3) ([Sal84, Theorem 3.14]) T is retract k-rational if and only if ρG(Tˆ ) is invertible.
Definition 2.11. A torus T ∈ C(L/k) with permutation character lattice ⊕ki=1Z[G/Hi] for sub-
groups Hi, i = 1, . . . , k corresponds to an algebraic k-torus T =
∏k
i=1RKi/k(Gm) where Ki = L
Hi
and RK/k refers to Weil restriction of scalars. Such tori are called quasisplit.
Theorem 2.12. [EM73a, Len74]. See also [Lor05, Theorem 9.5.3]. Let L/k be a Galois extension
with Galois group G.
(1) A torus T ∈ C(L/k) is rational if Tˆ ∈ C(G) is permutation.
(2) If there exists an exact sequence 0 → S → T → T ′ → 0 of tori in C(L/k) where S is
quasisplit, then T is birationally equivalent to T ′ ×k S.
Note that the last theorem is equivalent to the following in lattice theoretic terms:
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Theorem 2.13. Let L/k be a Galois extension of fields with G = Gal(L/k). Then
(1) L(P )G is rational over LG if P is a permutation G-lattice.
(2) If 0 → M → N → P → 0 is an exact sequence of G-lattices with P G-permutation, then
L(N) ∼= L(M)(P ) as G fields and so L(N)G ∼= L(M)(P )G is rational over L(M)G.
3. Families of Rational algebraic k-tori
In this section, we will gather families of rational algebraic k-tori from results in the literature.
Definition 3.1. Let M be a G-lattice for a finite group G. If all algebraic tori with character
lattice ResGH(M) and splitting group H are rational for any subgroupH of G, we callM hereditarily
rational. Note that a G-lattice M is hereditarily rational if and only if for any subgroup H of G
and for any Galois extension K/k with Galois group H, the function field K(M)H is rational over
KH .
Let T be an algebraic k-torus of dimension r, hT : Gk → GLr(Z) the associated continuous
representation and WT = hT (Gk) ≤ GLr(Z). We call T hereditarily rational if the associated
WT -lattice Tˆ is hereditarily rational.
Remark 3.2. In the definition of hereditarily rational algebraic k-torus, rationality is completely
determined by the structure of its character lattice as a Gk representation. Note that an algebraic
k-torus T is determined uniquely by the G-lattice Tˆ and the Galois extension L/k with Galois
group G. Every G module Tˆ determines many algebraic k-tori corresponding to different Galois
extensions L/k with Galois group G and these tori may be non-isomorphic over k. Stable rationality
and retract rationality of an algebraic k-torus only depend on the G-lattice Tˆ . However it is not
clear whether this is true for rationality, although the author does not know of a counterexample.
A reason for caution is given by the example given in [p. 54][Vos98] of 2 norm one tori R
(1)
Li/Q
(Gm),
i = 1, 2 corresponding to distinct biquadratic extensions which are not even stably birationally
equivalent over Q.
We will now produce families of examples of hereditarily rational algebraic k-tori. These are
gathered from known examples in the literature, which will be cited accordingly.
Proposition 3.3. Let T be an algebraic k-torus with Galois splitting field K/k, G = Gal(K/k)
and character lattice M . Then T is hereditarily rational in the following cases:
(1) [Len74, 1.4] M is a permutation G-lattice. (T is then a quasi-split torus).
(2) [Vos98, 4.8] M = IX is an augmentation ideal for a G set X.
(3) [Vos98, 8.2, Example 5] M is a sign-permutation G-lattice.
(4) [Len74, 1.3] TM is G-equivariantly linearisable.
(5) [Kly88, Flo] M = IX ⊗ IY is a tensor product of augmentation ideals for finite G-sets X,Y
with gcd(|X|, |Y |) = 1.
(6) [Vos98, 4.9, Example 7] M is the root lattice for the G2 root system for the group G =
W (G2).
Proof. (1) Any permutation G-lattice P is hereditarily rational since K(P )G is rational over k
for any Galois G extension K/k [Len74, 1.4] and permutation lattices are preserved under
restriction. Since quasi-split tori are precisely those with permutation character lattices,
these tori are hereditarily rational. More explicitly, if P = ⊕ri=1Z[G/Hi] is a permutation
G-lattice where H1, . . . ,Hr are subgroups of G, and L/k is a Galois extension with Galois
group G, the corresponding quasi-split torus
∏r
i=1RKi/k(Gm) ∈ C(L/k) is hereditarily
rational.
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(2) Let P = ZX be a permutation G-lattice corresponding to any G set X. Then ǫX : ZX →
Z, x→ 1 is a G invariant surjection. The augmentation ideal IX = ker(ǫX) is an hereditarily
rational G lattice. Suppose ZX = ⊕si=1Z[G/Hi]. Given a Galois G extension K/k, the exact
sequence 0→ IX → ZX → Z→ 0 corresponds to the exact sequence of k-tori
1→ Gm,k → RF1/k(Gm)× · · · ×RFs/k(Gm)→ T → 1
where Ki/k, i = 1, . . . , s are intermediate field extensions of L/k such that L/Ki is Ga-
lois with group Hi for each i. An algebraic k-torus with character lattice IX is given by
T =
∏s
i=1RKi/k(Gm)/Gm. Since each RFi/k(Gm) can be identified with an open set of
RFi/k(A
1) = Anik , T =
∏s
i=1RFi/k(Gm)/Gm admits an open embedding into projective
space and hence is rational. Note that for any subgroup H of G, (IX)H is also such an
augmentation ideal and so any algebraic torus with this character lattice would be rational
by the same argument.
(3) A geometric proof that a torus with sign permutation character lattice is rational is given
in [Vos98, 8.2, Example 5]. Note here that an orthogonal integral representation corresponds
to a sign permutation lattice in our language. The restriction of a sign permutation lattice
to any subgroup is again a sign permutation lattice, so that tori with sign permutation
character lattices are hereditarily rational.
(4) TM is G-equivariantly linearisable if for any Galois G-extension K/k, we have that K(M)
is G-equivariantly birational to K(V ) where G acts k linearly on V . Then as G-fields,
K(M) ∼= K(V ). Since G acts faithfully on K and linearly on V , K(M)G ∼= K(V )G is
rational over KG. If K(M) is G-equivariantly birationally linearisable, then K(ResGH(M))
is H equivariantly birationally linearisable for any subgroup H of G. So a torus with
Galois splitting field K and character lattice M is hereditarily rational. Note that this
gives an alternative proof that an algebraic torus with a (sign) permutation or augmen-
tation ideal character lattice is hereditarily rational. For algebraic tori with permutation
character lattices, this is clear. For algebraic tori with sign permutation character lattices,
K(X1, . . . ,Xn) = K(Y1, . . . , Yn) where Yi =
1−Xi
1+Xi
for all i = 1, . . . , n. Then σ(Yi) = ±Yj
for all i = 1, . . . , n and so the action of G on V =
∑n
i=1 kYi is linear.
(5) A result of Klyachko [Kly88] with a simpler proof given by Florence [Flo] shows that for
any finite Gk sets X and Y which are relatively prime, an algebraic k-torus with character
lattice IX ⊗ IY is rational. This shows that for any finite group G, and any 2 relatively
prime G sets X,Y , the G-lattice IX ⊗ IY is hereditarily rational. Note that any G set Y of
size 2 gives a rank 1 sign lattice IY . Then for any other G set Y of odd order, IX ⊗ IY is
hereditarily rational. In particular, this recovers the result for the root lattice of G2 since
it may be expressed as a tensor product IX3 ⊗ IY2 as described earlier. More generally,
it shows that a algebraic k-torus with character lattice (ZA2k,Aut(A2k)) [Vos98, p.102] is
hereditarily rational.
(6) Note that the root lattice for the root system G2 can also be described as the action of
the automorphism group of the root system A2 on the root lattice of A2. The root lattice
for G2 restricted to S3 is IS3/S2 and C2 acts as −1 on the lattice. For an algebraic k-torus
T with character lattice G2, the group W (G2) acts regularly on G
2
m. Voskresenskii shows
that the action of W (G2) on G
2
m can be extended to a birational action on (P
1)2 and so T
is an open part of the k-variety ((P1)2 ⊗k ks)/W (G2) which is a k-form of P1 × P1. Since
any k-form of P1 × P1 is rational if it has a point, T is rational.

Remark 3.4. Let M = ⊕ri=1Mi be the direct sum of G-lattices Mi, i = 1, . . . , k. If Ti, i = 1, . . . , r
are algebraic k-tori with character lattices Mi, then T = T1×k · · ·×kTr is the algebraic k-torus with
character lattice ⊕ri=1Mi. If K/k is a G-Galois extension, K(M) is the composite of the G-fields
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K(Mi) and so K(M)
G is the composite of the fields K(Mi)
G. So if each Ti is (hereditarily) rational,
so is T . So the direct sum of hereditarily rational G-lattices is hereditarily rational.
Definition 3.5. Let M be a G-lattice of rank r. Let Pn = ⊕ni=1Zei be a permutation lattice for
the wreath product Gn ⋊ Sn on which G
n acts trivially and Sn acts by permuting the basis. Then
M ⊗Pn is the natural Gn⋊Sn lattice of rank rn for the wreath product. Let Mi =M ⊗Zei. Then
M ⊗ Pn = ⊕ni=1Mi. Let πi : Gn → G be the ith projection. The action of Gn ⋊ Sn on M ⊗ Pn is
then given by
g · (m⊗ ei) = (πi(g) ·m)⊗ ei, g ∈ Gn
σ · (m⊗ ei) = m⊗ eσ(i), σ ∈ Sn
Suppose T is an algebraic F -torus with character lattice M and Galois splitting field K/F with
Galois group G. If F/k is a separable extension of degree n, then RF/k(T ) is an algebraic k-torus
with character lattice M ⊗ Pn.
Proposition 3.6. Let M be a G-lattice of rank r. Using the notation from the definition, let
M ⊗ Pn be the natural Gn ⋊ Sn lattice of rank rn.
Let T n,wrM be an algebraic torus with character lattice M ⊗ Pn. Then if any algebraic torus with
character lattice M is (stably) rational, so is T n,wrM . If any algebraic torus with character lattice M
is linearisable, so is T n,wrM . If any algebraic torus with character lattice M is hereditarily rational,
so is T 2,wrM .
Proof. Let L/k be a Galois Gn ⋊ Sn-extension. For preciseness, we will write G
n = G1 × · · · ×Gn
where Gi = G and M ⊗ Pn = ⊕ni=1Mi where Mi = M . Here Gi acts on Mi as G acts on M and
Gj acts trivially on Mi, i 6= j so that M ⊗ Pn restricted to Gn is Mn. Now L(Mn) is a composite
of Gn =
∏n
i=1Gi fields L(Mi). Since any algebraic torus with character lattice M is rational, we
have that L(Mi)
Gn = L
∏
j 6=iGj (Mi)
Gi = LG
n
(f i1, . . . , f
i
r), for all i = 1, . . . , n. Then L(M)
Gn =∏n
i=1(L
∏
j 6=iGj (Mi))
G
i = L
Gn(f11 , . . . , f
1
r , . . . , f
n
1 , . . . , f
n
r ) and L(M ⊗ Pn)G
n⋊Sn = (L(Mn)G
n
)Sn .
Since Sn permutes the n copies ofM and correspondingly permutes the fields L
∏
j 6=iGj , it permutes
the corresponding invariants, and so L(M ⊗ Pn)Gn⋊Sn is rational over LGn⋊Sn .
If an algebraic torus with character lattice M is G-linearisable, then L(M) ∼= L(V ) as G fields
where G acts linearly on V . Then L(M ⊗ Pn) ∼= L(V ⊗ Pn) as Gn ⋊ Sn fields.
If an algebraic torus with character lattice M is stably rational then M is quasi-permutation and
satisfies an exact sequence
0→M → Q1 → Q2 → 0
where Q1, Q2 are permutation G-lattices. Then
0→M ⊗ Pn → Q1 ⊗ Pn → Q2 ⊗ Pn → 0
is an exact sequence of Gn ⋊ Sn lattices with Qi ⊗ Pn Gn ⋊ Sn-permutation for i = 1, 2.
Let n = 2 and let H be any subgroup of G2 ⋊ S2. Then either H ≤ G2 or H/H ∩ G2 ∼= C2.
Let N = H ∩ G2. Then L(M1 ⊕M2) = L(M1)L(M2) is a composite of N fields. Let πi be the
restriction of the ith projection map G2 → G to N . Then L(Mi)N = Lker(pii)(Mi)pii(N). Since
πi(N) ≤ G, we see by assumption that L(Mi)N is rational over LN , i = 1, 2 and so L(M1⊕M2)N =
L(M1)
NL(M2)
N is rational over LN as the composite of rational extensions. So we need only
consider the case when H/N ∼= C2. Let h ∈ H \N . Then h(M1) = M2 and h(L) = L shows that
L(M2) = h(L(M1)). We have that L(M1 ⊕M2)N = L(M1)N (h(L(M1))N = L(M1)Nh(L(M1)N )
since N is normal in H. Since L(M1)
N = LN (f1, . . . , fr), h(L(M1)
N ) = LN (hf1, . . . , hfr) and so
L(M1 ⊕M2)N = LN (f1, . . . , fr, hf1, . . . , hfr). Since h2 ∈ N , h(hfi) = fi for all i = 1, . . . , r. Then
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H/N acts by permutations on L(M1⊕M2)N and so L(M⊗P2)H = LN (f1, . . . , fr, hf1, . . . , hfr)H/N
is rational over LH as required. 
Remark 3.7. If all algebraic tori with character lattice M are hereditarily rational, an algebraic
torus, T n,wrM with character lattice M ⊗ Pn is rational and hence stably rational. This means that
an algebraic torus with character lattice M ⊗Pn corresponding to a subgroup of Gn⋊Sn must also
be stably rational. However it is not clear whether such an algebraic torus must be hereditarily
rational if n ≥ 3. However for the case of 4 dimensional algebraic tori, the above result will be
sufficient.
Proposition 3.8. Let M be an hereditarily rational faithful G-lattice and let L be a G-lattice such
that there exists an exact sequence
0→M → L→ P → 0
for some permutation G-lattice P . Then an algebraic k-torus with character lattice (L,G) is hered-
itarily rational. More precisely, if T and T ′ are algebraic k-tori fitting into an exact sequence
1→ S → T → T ′ → 1
where S is a quasi-split k-torus, then T is birationally equivalent to T ′ ×k S. If T ′ is (hereditarily)
k-rational, so is T .
Proof. Let K/k be a Galois extension with Galois group G. Then K(L) ∼= K(M)(P ) as G-fields.
Then K(L)G ∼= K(M)(P )G is rational over K(M)G which is in turn rational over KG [Len74]. The
same result would hold for any subgroup H and the H lattice LH . 
4. Hereditarily rational k-tori in dimensions 2,3,4
We now have enough information to show that all but 10 of the stably rational algebraic k-tori of
dimension 4 are hereditarily rational.
We will first quickly illustrate our approach for the rank 2 and 3 cases due to Voskresenskii and
Kunyavskii respectively. Note in order to do this, we will need to identify certain G-lattices corre-
sponding to conjugacy classes of finite subgroups of GLr(Z). We remark that for a G-lattice M ,
we could use the character to identify the corresponding QG module QM , but that is not sufficient
to identify its isomorphism type as a G-lattice. We identify G-lattices up to isomorphism using
explicit isomorphisms.
Given a finite subgroup G ∈ GLr(Z), we will denote by MG the associated G-lattice of rank r. For
the standard basis e1, . . . , er of MG, and given g = (aij)
r
i,j=1 ∈ GLr(Z), the action of G on MG will
be given on rows to agree with the notation in GAP and in Hoshi and Yamasaki’s paper. That is,
g · ei =
∑r
j=1 aijej for all i = 1, . . . , r.
Remark 4.1. We will frequently wish to show that a G-lattice L is isomorphic to IX or its dual JX
for some transitive G-set X with stabilizer subgroup H. Note that if there exists y ∈ L such that
ZG·y = L,∑g∈G gy = 0 and rank(L) = [G : Gy]−1 then we see that for H = Gy, π : Z[G/H]→ L
is a surjective G-homomorphism with ker(π) = Z(
∑
gH∈G/H gH) so that L
∼= JG/H . If instead we
show that L∗ ∼= JG/H in this way, then, we have L ∼= IG/H .
Notation 4.2. A rank 1 G-lattice is determined by a group homomorphism χ : G → GL1(Z) =
{±1}. If χ is trivial, we will write the lattice as Z. If χ : G→ {±1} is non-trivial, it is completely
determined by its kernel which is necessarily a normal subgroup N of index 2 in G. We will then
write the rank 1 G lattice corresponding to χ as Z−N where N = ker(χ).
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Notation 4.3. (Recognising augmentation ideals and their duals).
Let Xn+1 = {xi : i = 1, . . . , n + 1} be the standard Sn+1 set on which Sn+1 acts transitively
with stabilizer subgroup Sn. Let π : Z[Xn+1] → JXn+1 be the natural surjection. Note that
ker(π) = Z(
∑n+1
i=1 xi). Then {xi : i = 1, . . . , n} forms a Z-basis of JXn+1 where xi = π(xi). With
respect to this basis, σ(xi)) = xσ(i), σ(i) 6= n + 1 and σ(xi) = −
∑n
i=1 xσ(i), σ(i) = n + 1. We
will write ρn : Sn+1 → GLn(Z) for the representation of Sn+1 associated with JXn+1 with respect
to the basis Xn+1 determined on rows. We will write ρ
∗
n : Sn+1 → GLn(Z) for the dual of this
representation of Sn+1 associated with IXn+1
∼= J∗Xn+1 . Note that the matrices in the image of ρn
(resp. ρn) are either permutation matrices or permutation matrices with one row (resp. column)
replaced by [−1, . . . ,−1]. It is then easy to determine which permutation determined them.
We will extend the action of Sn+1 on Xn+1 to an action of Sn+1 × C2 on Xn+1 by inflation. That
is, Sn+1 acts on Xn+1 as before and C2 acts trivially on Xn+1.
We will denote by ρ−n : Sn+1×C2 → GLn(Z) the representation associated to the Sn+1×C2-lattice
JXn+1 ⊗ Z−Sn+1 with respect to the Z-basis xi ⊗ 1. Then if C2 = 〈γ〉, note that ρ−n (σ, 1) = ρn(σ)
and ρn(σ, γ) = −ρn(σ) for all σ ∈ Sn+1. The matrices in the image of ρ−n are then also easy to
recognise.
We will denote by (ρ−n )
∗ : Sn+1 × C2 → GLn(Z) the representation corresponding to the dual
lattice IXn+1 ⊗ ZSn+1− = JYn+1 ⊗ ZSn+1− . Note that the root lattice ZAn as a W (An) = Sn+1-lattice
is (IXn+1) so that the weight lattice Λ(An) is JXn+1 as a W (An) = Sn+1 lattice. Note that ZAn as
an Aut(An) = Sn+1 × C2 lattice is IXn+1 ⊗ Z−Sn+1 so that Λ(An) is its dual JXn+1 ⊗ Z−Sn+1 as an
Aut(An)-lattice.
Notation 4.4. With respect to the standard basis e1, . . . , en, the Weyl group of Bn, has reflections
τi = sei , i = 1, . . . , n and σij = sei−ej . On the root lattice ZBn, with Z-basis e1, . . . , en, the τi
fix ej , j 6= i and τi(ei) = −τi(ei) and σij acts by swapping ei and ej and fixing the other basis
elements. So W (Bn) = (C2)
n ⋊ Sn where C
n
2 = 〈τi : i = 1, . . . , n〉 and Sn = 〈σij : i 6= j〉. We
denote ηn : W (Bn) → GLn(Z) by the representation of W (Bn) corresponding to its lattice ZBn
with respect to the standard basis e1, . . . , en. Note that the images of ηn are sign permutation
matrices. We will write elements of W (Bn) as τσ where τ ∈ Cn2 is a product of τi and σ ∈ Sn.
Proposition 4.5. Let n be an odd integer and let D2n be the dihedral group of size 2n given by
the presentation
D2n = 〈σ, τ : σn = 1 = τ2, τστ−1 = σ−1〉
Via the injective group homomorphism ϕ : D2n → Sn given on generators by σ 7→ (1, 2, . . . , n) and
τ 7→∏n−12i=1 (i, n − i), D2n acts by restriction on the Sn-set Xn. Then
JXn
∼= IXn ⊗ Z−Cn
as D2n-lattices. Considering Xn as a D2n × C2-set by inflation, then
JXn ⊗ Z−D2n ∼= ID2n×C2/C2×C2 ⊗ Z−D2n
as D2n × C2-lattices.
Proof. Restricting the standard Sn-set Xn to D2n via ϕ, we see that σ(xi) = xi+1 mod n and τ(xi) =
xn−i for all i = 1, . . . , n. In particular, D2n · xn+1
2
= Xn and the stabilizer subgroup of xn+1
2
is
〈τ〉 ∼= C2. So Xn ∼= D2n/C2 as a D2n-set.
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Note that all elements of order 2 are conjugate in D2n so that there is a unique conjugacy class of
subgroups isomorphic to C2 in D2n. This implies that JD2n/C2 and ID2n/C2 are well-defined, since
Z[G/H] ∼= Z[G/gHg−1].
By the remark, it will suffice to find an element z of IXn ⊗ Z−Cn such that the distinct elements of
the orbit of z under D2n form a Z-basis for IXn ⊗ Z−Cn and the stabilizer subgroup of z is a cyclic
subgroup of order 2.
Take z = (x1 − xn)⊗ 1 ∈ IXn ⊗Z−Cn . We will show that (D2n)z = 〈τ〉,
∑
g∈D2n
·z = 0 and ZD2n · z
has rank n− 1. By our previous observations, this will imply that
IXn ⊗ Z−Cn = ZD2n · z ∼= JXn
as D2n-lattices.
Note that τ(z) = z. Since
σi((x1 − xn)⊗ 1) = (x1+i − xn+i mod n)⊗ 1,
it is clear that the stabilizer subgroup of z in D2n is 〈τ〉. It is also clear that the orbit sums to zero.
We need only check that ZD2n · z = IXn ⊗ Z−Cn .
Let
∑n
i=1 bi(xi ⊗ 1) ∈ IXn ⊗ Z−Cn . Then
∑n
i=1 bi = 0. We need to show that we can solve
n−1∑
i=1
ai(xi − xn+i mod n)⊗ 1 =
n∑
i=1
bi(xi ⊗ 1)
for some unique ai if
∑n
i=1 bi = 0. We obtain the following equations:
ai − ai+1 = bi, i = 1, . . . , n− 2; an−1 = bn−1,−a1 = bn
One can easily see that these equations correspond to a matrix system of the form Ca = b where
C =


−1 0 0 . . . 0
1 −1 0 . . . 0
0 1 −1 0 . . .
. . . . . . . . . . . . . . .
0 . . . 0 1 −1
0 0 . . . . . . 1


is an n × n matrix. Since the rows of this matrix add to 0, and the last n − 1 rows form a
triangular system with ones on the diagonal, it is clear that one could solve this system uniquely
for b = [b1, . . . , bn]
T ∈ Zn where ∑ni=1 bi = 0.
So we have proved that JXn
∼= IXn ⊗ Z−Cn .
For the last statement, we will write
D2n × C2 = 〈σ, τ, γ : σn = τ2 = γ2 = 1, τστ−1 = σ−1, γτ = τγ, γσ = σγ〉
Note that Xn as an (D2n × C2)-set is isomorphic to (D2n × C2)/(C2 × C2). Inflation preserves
exactness, so in particular isomorphisms and commutes with tensor products. So inflating the
D2n-lattice isomorphism
JXn
∼= IXn ⊗ Z−Cn
we obtain a D2n × C2-lattice isomorphism
(1) JXn
∼= IXn ⊗ Z−Cn×C2
Note that
Z−Cn×C2 ⊗ Z−D2n ∼= Z−〈σ,τγ〉
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Note also that 〈σ, τγ〉 ∼= D2n and 〈σ, τγ, γ〉 = 〈σ, τ, γ〉 = D2n × C2, 〈τγ, γ〉 = 〈τ, γ〉 = C2 × C2. So
we see that after tensoring (1) by Z−D2n we obtain
JXn ⊗ Z−D2n ∼= IXn ⊗ Z−〈σ,τγ〉 ∼= IXn ⊗ Z−D2n
Note that although H = 〈σ, τγ〉 is a different non-conjugate subgroup isomorphic to D2n, IXn =
I〈σ,τγ,γ〉/〈τγ, γ〉. 
Remark 4.6. This technical result has some very interesting consequences. Note that Λ(A2) ∼= JX3
as an S3-lattice. The symmetric group S3 is also the dihedral group D6. We then see that Λ(A2) ∼=
JX2
∼= IX2 ⊗ Z−C3 = IX2 ⊗ IY2 where Y2 is the S3 set of size 2 permuted by S3/C3 and fixed by
C3. Using Proposition 4.5, we easily recover the fact that an algebraic torus with character lattice
(Λ(A2), S3) is hereditarily rational. Note also that we can recover the fact that an algebraic torus
with character lattice (ZG2,W (G2)) or equivalently (ZA2,Aut(A2)) is hereditarily rational. More
generally, it shows that an algebraic torus with character lattice JXn ⊗Z−D2n , n odd, is hereditarily
rational.
Given a finite subgroup G of GLr(Z) up to conjugacy, the lattice determined by G, MG is deter-
mined by the action of G by multiplying elements of Zr (considered as rows) by elements of G on the
right. So for the standard basis e1, . . . , er of Z
r, ei · g =
∑r
j=1 aijej where g = [aij ]
r
i,j=1 ∈GLr(Z).
There is a library of conjugacy class representatives of finite subgroups of GLr(Z) for r = 2, 3, 4
in GAP. The maximal finite subgroups of GLr(Z) for r = 2, 3, 4 are encoded in GAP as Dade-
Group(r,k), in honour of Dade who determined the maximal finite subgroups of GL4(Z) without
the use of a computer. I will use the GAP labelling to refer to conjugacy class representatives. I will
identify MG for each maximal finite subgroup of GLr(Z), r = 2, 3, 4. These results are probably
folklore (at least for r = 2, 3) but are not phrased in these terms in the literature.
Remark 4.7. Note, in GAP, the command
DadeGroup(r,k);
where r = 2, 3, 4 and k is in the correct range for the rank gives
MatGroupZClass(r,i,j,k);
The command
GeneratorsOfGroup(M);
gives the group generators of the group M. For better legibility, one could use the command
for g in GeneratorsOfGroup(M) do PrintArray(g); od;
The use of GAP to list generators is a convenience. This information could also be found in [BBN+78].
4.1. Algebraic k-tori of dimension 2. . For rank 2, there are 13 conjugacy classes of finite
subgroups. There are 2 maximal such classes.
Proposition 4.8. (Voskresenskii) The maximal finite subgroups of GL2(Z) up to conjugacy are
Gi=DadeGroup(2,i), i = 1, 2. Then
(1) MG1 = (ZB2,W (B2)) = (ZB2,Aut(B2) and
(2) MG2 = (ZA2,Aut(A2) = (ZG2,W (G2)).
The corresponding algebraic k-tori are hereditarily rational.
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Proof. The generators of G1 = DadeGroup(2,1) with GAP ID [2,3,2,1] given by[
1 0
0 −1
]
,
[
0 −1
1 0
]
,−I2
are the images of
τ2, τ2(12), τ1τ2
under the faithful representation η2 : W (B2) → GL(2,Z) determined by ZB2 with respect to the
standard basis determined earlier. Since 〈τ2, τ2(12), τ1τ2〉 = 〈τ1, τ2, (12)〉 = W (B2), we may claim
that MG1 = (ZB2,W (B2)) as required. Since this is a sign permutation lattice, the corresponding
torus is hereditarily rational.
The generators of G2 = DadeGroup(2,2) with GAP code [2,4,4,1] given by[
0 1
1 0
]
,−I2,
[
0 −1
1 −1
]
are the images of
((12), 1), (1, γ), ((132), 1)
under the faithful representation (ρ−2 )
∗ : S3 × C2 → GL2(Z) determined by the S3 × C2-lattice
IX3 ⊗ Z−S3 described earlier. We have already noticed that this coincides with (ZA2,Aut(A2)). We
need only check that 〈((12), 1), ((132), 1), (1, γ)〉 = S3 × C2, which is clear.
So for rank 2, the lattices corresponding to maximal finite subgroups ofGL2(Z) are (ZG2,W (G2)) =
(ZA2,Aut(A2)) and (ZB2,W (B2)). As explained above, these are hereditarily rational and so the
corresponding tori and those corresponding to their subgroups are rational. This is effectively a
rephrasing of how Voskresenskii proves that all algebraic k-tori of dimension 2 are rational. 
4.2. Algebraic k-tori of dimension 3. .
For rank 3, the 73 conjugacy classes of finite subgroups ofGL3(Z) were determined by Tahara [Tah71]
There are 4 maximal such classes. Kunyavskii [Kun87] classified the algebraic k-tori of dimension
3 up to birational equivalence. For each of the tori corresponding to maximal subgroups, he
constructed a nonsingular projective toric model of the algebraic k tori and used the geometric
construction of the flasque resolution of the character lattice of each to understand birational prop-
erties of the algebraic k-tori corresponding to maximal subgroups. See Kunyavskii [Kun07] and the
description of his work in Voskresenskii [Vos98].
Proposition 4.9. Let Gk=DadeGroup(3,k) for k = 1, . . . , 4. Then the corresponding lattices are:
(1) (MG1 , G1) = (ZA2 ⊕ ZA1,Aut(A2)×Aut(A1)).
(2) (MG2 , G2) = (ZB3,W (B3)) = (ZB3,Aut(B3)).
(3) (MG3 , G3) = (Λ(A3),Aut(A3)).
(4) (MG4 , G4) = (ZA3,Aut(A3)).
Proof. We claim DadeGroup(3,1) with GAP ID [3,6,7,1] corresponds to (ZA2⊕ZA1,Aut(A2×A1)).
Aut(A2) acts as above on ZA2 and trivially on ZA1 and Aut(A1) acts as −1 on ZA1 and trivially
on ZA2.
The generators given by GAP are
−I3,diag(A,−1),diag(−I2, 1),diag(B, 1)
where
A = (ρ−2 )
∗((12), 1), B = (ρ−2 )
∗((132), 1)
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One may replace these generators by
diag(A, 1),diag(B, 1),diag(−I2, 1),diag(I2,−1)
Then by the above argument, we have already seen that 〈A,B,−I2〉 determines (ZA2,Aut(A2))
and so we clearly have that the full group determines (ZA2 ⊕ ZA1,Aut(A2)×Aut(A1)).
We claim that DadeGroup(3,2) with GAP ID [3,7,5,1] corresponds to (ZB3,W (B3)). It is clear
from the matrix generators that this corresponds to a sign permutation lattice. Recall the faithful
representation η3 : W (B3)→ GL3(Z) determined by ZB3 with respect to the standard basis. The
generators given by GAP are the images under η3 of the following elements of W (B3):
τ1τ2τ3, τ3(12), (132), τ1τ3, τ1τ2
so it is not hard to see that the generators can be replaced by
〈τ1, τ2, τ3, (12), (132)〉 ∼= C32 ⋊ S3
DadeGroup(3,3) with GAP ID [3,7,5,2] corresponds to (Λ(A3),Aut(A3)) where G = Aut(A3) =
S4 × C2. The generating set given by GAP are the images under ρ−3 : S4 × C2 → GL(3,Z) of the
elements:
(id, γ), ((3, 4), γ), ((1, 3, 2), 1), ((13)(24), 1), ((12)(34), 1)
where ρ−3 : S4 × C2 → GL3(Z) is the representation determined by JX4 ⊗ Z−S4 with respect to a
natural basis described earlier. It suffices to check that 〈(3, 4), (1, 3, 2), (1, 3)(2, 4), (1, 2)(3, 4)〉 = S4
which is straightforward. Note that Aut(A3) acts on Λ(A3) as JX4 ⊗ Z−S4 , where X4 is the natural
S4 × C2-set.
DadeGroup(3,4) with GAP code [3,7,5,3] corresponds to (ZA3,Aut(A3)). The matrix generators
of this group given by GAP are the transposes of those for DadeGroup(3,4). So the corresponding
lattice is accordingly the Z dual S4 × C2-lattice IX4 ⊗ Z−S4 which indeed is the representation of
Aut(A3) on ZA3.
Note that the last 3 Dade groups for dimension 3 are all Z-forms of the root lattice of A3. [Since
SL4/C2 ∼= SO3, the character lattice of SL4/C2 would be a Z-form of the character lattice of SL4/C4
which is ZA3.] 
Although this is not how Kunyavskii determined the rational algebraic k tori of dimension 3, the
following argument is more or less equivalent. He did not need to determine which ones were
maximal rational as the numbers were relatively small.
Proposition 4.10. (Rational algebraic tori of dimension 3) The maximal finite subgroups of
GL(3,Z) corresponding to hereditarily rational tori of dimension 3 have the following lattices:
(1) (ZA2 ⊕ ZA1,Aut(A2)×Aut(A1))
(2) (ZB3,W (B3)) = (ZB3,Aut(B3)).
(3) (ZA3,W (A3))
(4) (L,W (B2)) where L fits into a short exact sequence of W (B2) lattices
0→ ZB2 → L→ Z→ 0
There are 58 conjugacy classes of finite subgroups of GL(3,Z) which are conjugate to a subgroup
of one of the above 4 groups. These correspond to the list of 58 rational algebraic tori of dimension
3.
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Proof. We note that the lattice (ZA2 ⊕ ZA1,Aut(A2)×Aut(A1)) is hereditarily rational as it is a
direct sum of hereditarily rational lattices. This corresponds to DadeGroup(3,1) with GAP code
[3,6,7,1].
The lattice (ZB3,W (B3)) is hereditarily rational as it is a sign permutation lattice. It corresponds
to DadeGroup(3,2) with GAP code [3,7,5,1].
The lattice (ZA3,W (A3)) = (IX4 , S4) is hereditarily rational. From our identification of Dade-
Group(3,4) with lattice (ZA3,Aut(A3)) we see that this should correspond to a maximal subgroup.
The subgroup with GAP code [3,7,4,3] has generators
ρ∗3((3, 4)), ρ
∗
3((1, 3, 2)), ρ
∗
3((13)(24)), ρ
∗
3((12)(34))
where ρ∗3 : S4 → GL3(Z) is the dual representation of ρ3 and hence corresponds to the lattice IX4 .
The group with GAP code [3,4,5,2] is abstractly isomorphic to D8. The following are a set of
generators given by GAP:
B1 =

 0 1 −10 1 0
−1 1 0

 , B2 =

 0 1 00 1 −1
−1 1 0

 , B3 =

 0 1 −11 0 −1
0 0 −1


We note that the sublattice spanned by {e1 − e2, e3} is stable under the action of the group. We
then recompute the action of the generators on the Z-basis {e1−e2, e3, e2} or equivalently conjugate
the generators by the change of basis matrix. Then the conjugate generators are
C1 =

 0 −1 0−1 0 0
0 0 1

 , C2 =

 0 1 0−1 0 0
0 −1 1

 , C3 =

 −1 0 00 −1 0
1 −1 1


With respect to this new basis, it is clear that the corresponding lattice L fits into the short exact
sequence of W (B2) ∼= D8 lattices
0→ ZB2 → L→ Z→ 0
where we recall that W (B2) = C
2
2 ⋊ C2
∼= D8. Then we see that this lattice is also hereditarily
rational.
We can then check using GAP that the union of conjugacy classes of subgroups of the groups
with the above GAP IDs corresponds to the complete list of 58 rational algebraic k-tori given by
Kunyavskii. We will give more details of our minimal GAP calculations after the dimension 4
case. 
4.3. Algebraic k-tori of dimension 4. We now examine the dimension 4 case. The classification
of maximal finite subgroups of GL4(Z) up to conjugacy is due to Dade. There are 9 maximal finite
subgroups. There are 710 conjugacy classes of finite subgroups of GL4(Z).
Proposition 4.11. Let Gk =DadeGroup(4,k) for k = 1, . . . , 9. Then the corresponding lattices
are:
(1) (MG1 , G1) = (ZB2 ⊕ ZA2,Aut(B2)×Aut(A2)).
(2) (MG2 , G2) = (ΛA3 ⊕ ZA1,Aut(A3)×Aut(A1)).
(3) (MG3 , G3) = (ZA3 ⊕ ZA1,Aut(A3)×Aut(A1))
(4) (MG4 , G4) = (L, ((W (A2) ×W (A2)) ⋊ C2) × C2) where L is the non-trivial intermediate
lattice between ZA2 ⊕ ZA2 and Λ(A2)⊕ Λ(A2).
(5) (MG5 , G5) = (ZA2 ⊕ ZA2, (Aut(A2)×Aut(A2))⋊ C2).
(6) (MG6 , G6) = (ZA4,Aut(A4)).
(7) (MG7 , G7) = (Λ(A4),Aut(A4)).
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(8) (MG8 , G8) = (ZB4,W (B4)) = (ZB4,Aut(B4)).
(9) (MG9 , G9) = (ZF4,W (F4)) = (ZF4,Aut(F4)).
Proof. G1 = DadeGroup(4,1) with GAP ID [4,20,22,1] corresponds to (ZB2 ⊕ Λ(A2),W (B2) ×
Aut(A2)) which is hereditarily rational as the direct sum of hereditarily rational lattices. The
generators of this group are given as
{diag(I2, B1),diag(A1, B2),diag(A2, I2),−I4}
where
A1 = η2(τ2), A2 = η2(τ1(12)),
and
B1 = ρ
−
3 ((23), 1), B2 = ρ
−
3 ((13), 1)
Since B1B2 = ρ
−
3 ((132), 1) has order 3, and A1 has order 2, diag(A1, I2) = diag(A1, B1B2)
3 ∈ G1.
Since also A22 = −I2, we may replace the above set of generators by
{diag(A1, I2),diag(A2, I2),diag(−I2, I2),diag(I2, B1),diag(I2, B2),diag(I2,−I2)}
Then the associated lattice is M = M1 ⊕M2 where where M1 = Ze1 ⊕ Ze2 and M2 = Ze3 ⊕ Ze4
are both G invariant. Then since
A1 = η2(τ2), A2 = η2(τ2(12)),−I2 = η2(τ1τ2τ3)
and
B1 = ρ
−
3 ((23), 1), B2 = ρ
−
3 ((13), 1),−I2 = ρ−3 (1, γ)
we may see that the lattice M1 is (ZB2,W (B2)) and the lattice M2 is (JX3 ⊗ Z−S3 , S3 ×C2), where
X3 is the natural S3 × C2-set. M2 corresponds to the natural action of Aut(A2) on Λ(A2). So
(MG, G) = (ZB2 ⊕ Λ(A2),Aut(B2) × Aut(A2)). The lattice is hereditarily rational as the direct
sum of 2 hereditarily rational lattices.
DadeGroup(4,2) has GAP ID [4,25,11,2]. The generators are
{diag(1, A1),diag(1, A2),diag(1, A3),diag(−1, A4),−I4}
where
A1 =

 0 1 01 0 0
0 0 1

 , A2 =

 1 0 −11 −1 0
1 0 0

 , A3 =

 −1 0 0−1 0 1
−1 1 0

 , A4 =

 0 −1 1−1 0 1
0 0 1


We then clearly see that the lattice decomposes as a direct sum of M1 = Ze1 and M2 = ⊕4i=2Zei.
To determineM2, we note that for the faithful representation of S4×C2 given by (ρ−3 )∗ : S4×C2 →
GL(3,Z) corresponding to the S4 × C2 lattice IX4 ⊗ Z−S4 , we observe that
A1 = (ρ
−
3 )
∗((12), 1),−A2 = (ρ−3 )∗((1, 3, 4), 1), A3 = (ρ−3 )∗((14)(23), 1),−A4 = (ρ−3 )∗((12)(34), 1)
Since A32 = −I3, we see that the elements
diag(1, A1),diag(1,−A2),diag(1, A3),diag(1,−I3)
are contained in this group. Note that 〈A1,−A2, A3,−I3〉 = (ρ−3 )∗(S4 × C2) since
〈((12), 1), (134), 1), ((14)(23), 1), (1, γ)〉 = S4 × C2.
So H = (1, (ρ−3 )
∗(S4 × C2)) is a subgroup of G2. Since (1, A4) ∈ H ≤ G2, then we also have
(−1, I3) ∈ G2 and so G2 = 〈(−1, I3)〉 × (ρ−3 )∗(S4 × C2). This shows that M2 corresponds to the
S4×C2-lattice IX4⊗Z−S4 . This is the natural action of Aut(A3) on ZA3. So the lattice corresponding
to DadeGroup(4,2) is (ZA1 ⊕ ZA3,Aut(A1)×Aut(A3)).
G3 =DadeGroup(4,3) has GAP ID [4,25,11,4].
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The generators are
{diag(1, B1),diag(1, B2),diag(1, B3),diag(−1, B4),−I4}
where
B1 =

 0 1 01 0 0
0 0 1

 , B2 =

 0 0 −10 −1 0
1 1 1

 , B3 =

 −1 −1 −10 0 1
0 1 0

 , B4 =

 0 −1 0−1 0 0
1 1 1


We then clearly see that the lattice decomposes as a direct sum of M1 = Ze1 and M2 = ⊕4i=2Zei.
To determine M2, we note that
ρ−3 ((12), 1) = B1, ρ
−
3 ((134), 1) = −B2, ρ−3 ((14)(23), 1) = B3, ρ−3 ((12)(34), 1) = −B4
where ρ−3 : S4 × C2 → GL3(Z) is the representation corresponding to JX4 ⊗ Z−S4 which in turn
corresponds to Aut(A3) acting on Λ(A3). A similar argument to the one for G2 shows that G3 =
〈(−1, I3)〉 × ρ−3 (S4 ×C2) and the group determines the lattice (ZA1 ⊕Λ(A3),Aut(A1)×Aut(A3)).
G4=DadeGroup(4,4) with GAP ID [4,29,9,1] is abstractly isomorphic to ((S3×S3)⋊C2)×C2 and
has generators given by

1 −1 0 0
0 −1 0 0
0 0 1 −1
0 0 0 −1

 ,


1 −1 0 0
0 0 1 −1
0 −1 0 0
0 0 0 −1

 ,


1 −1 0 0
1 0 0 0
0 0 1 −1
0 0 1 0

 ,


0 0 0 1
0 0 −1 1
0 −1 0 1
1 −1 −1 1


We claim that the lattice determined by this group is the proper intermediate lattice L between
ZA2 ⊕ ZA2 and Λ(A2) ⊕ Λ(A2) and the group action is that induced by the index 2 subgroup of
the automorphism group of the root system A2 ×A2 given by (W (A2)×W (A2)) ⋊ C2)× C2. Let
ω1, ω2 be the fundamental dominant weights of A2 with respect to a basis α1, α2 of the A2 root
system. We will write the basis of Λ(A2) ⊕ Λ(A2) as {ω1, ω2, ω′1, ω′2} and that of ZA2 ⊕ ZA2 as
{α1, α2, α′1, α′2}. Then the claimed sublattice L of Λ(A2)⊕Λ(A2) satisfies L = 〈ω1+ω′1,ZA2⊕ZA2〉
Let s1 = sα1 , s
′
1 = sα′1 , s2 = sα2 , s
′
2 = sα′2 be the generators ofW (A2)×W (A2). Let τ be the element
of order 2 which swaps the 2 copies of Λ(A2). Then our group is (〈s1, s2, s′1, s′2〉 ⋊ τ) × 〈−id〉. We
claim that
β = {ω1 + ω′1, s2s1(ω1 + ω′1), α′1, s′2s′1(α′1)}
is a Z-basis of our lattice L. Note
si(ωj) = ωj − δijαj, i, j = 1, 2
We also recall that α1 = 2ω1 − ω2 and α2 = −ω1 + 2ω2. The same results hold for the prime
copies. 〈s1, s2〉 acts trivially on ⊕2i=1ω′i and similarly for the prime copies. So s2s1(ω1 + ω′1) =
ω1 − α1 − α2 + ω′1 = −ω2 + ω′1 and s′2s′1(α′1) = −α′1 − α′2. Note that s2s1(ω1) = ω1 + s2s1(α1).
Then s1(ω1 + ω
′
1) = ω1 − α1 + ω′1 = −ω1 + ω2 + ω′1 = −(ω1 + ω′1) − (−ω2 + ω′1) + 3ω′1 = −(ω1 +
ω′1) − (−ω2 + ω′1) + α′1 − (−α′1 − α′2) = −(ω1 + ω′1)− s2s1(ω1 + ω′1) + α′1 − (s′2s′1(α′1). From these
calculations, one can show that β is a basis of L. They also allow us to find the matrices of the
generators s1, s2s1, s
′
1, s
′
2s
′
1, τ,−id on the basis β. [We omit the details but note that the worst
calculation is s1(ω1 + ω
′
1) made above.] We obtain:
s1 =


−1 −1 1 0
0 1 0 0
0 0 1 0
0 0 1 0

 , s′1 =


1 0 −1 0
0 1 −1 0
0 0 −1 0
0 0 1 1

 , s2s1 =


0 1 0 0
−1 −1 1 −1
0 0 1 0
0 0 0 1


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s′2s
′
1 =


1 0 0 1
0 1 0 1
0 0 0 1
0 0 −1 −1

 , τ =


1 0 0 0
1 0 0 1
2 1 −1 1
−1 1 0 0

 ,−I4
The group generated by these generators is conjugate to the group DadeGroup(4,4). This is de-
termined by GAP by checking that the CrystCatZClass of the two matrix groups given by gen-
erators are in fact the same. See the remark below on GAP calculations. [In fact, the index 2
subgroup generated by the generators 〈s1, s2s1, s′1, s′2s′1,−id〉 is precisely equal to the group with
GAP ID [4,22,11,1]. which is conjugate to a subgroup of the group DadeGroup(4,4).] So the lat-
tice determined by DadeGroup(4,4) is indeed the intermediate lattice L between ZA2 ⊕ ZA2 and
Λ(A2)⊕ Λ(A2) as a (W (A2)×W (A2))⋊ C2 × C2 lattice.
For G=DadeGroup(4,5) with GAP ID [4,30,13,1], we claim that the corresponding lattice is (ZA2⊕
ZA2,Aut(A2 × A2)) which is hereditarily rational as a wreath product of 2 hereditarily rational
lattices. Aut(A2 ×A2) = (Aut(A2)×Aut(A2))⋊ S2 acts naturally on the root lattice for A2 ×A2
where Aut(A2) × Aut(A2) acts diagonally on ZA2 ⊕ A2 and the subgroup S2 permutes the two
copies of A2. The generators given by GAP are[
I2 0
0 P
]
,
[
0 I2
P 0
]
,
[
I2 0
0 Y
]
,
[
Z 0
0 I2
]
where
P =
[
0 1
1 0
]
, Y =
[
0 1
−1 1
]
, Z =
[
1 −1
1 0
]
Since Y,Z have order 6 and Y 3 = Z3 = −I2, we may replace these generators by[
I2 0
0 P
]
,
[
0 I2
I2 0
]
,
[
I2 0
0 Y 2
]
,
[
Z2 0
0 I2
]
,X5 = diag(I2,−I2),X6 = diag(−I2, I2).
Since
Y 2 =
[ −1 1
−1 0
]
= (ρ−2 )
∗((123)) Z2 =
[
0 −1
1 −1
]
= (ρ−2 )
∗((132)), P = (ρ2)
∗((12))
We see that the lattice defined on Ze1 ⊕ Ze2 defined by 〈P, Y 2〉 is the S3-lattice IX3 . We also
see that the lattice defined on Ze3 ⊕ Ze4 defined by 〈P,Z2〉 is IX3 . This shows that the lattices
defined by both 〈P, Y 2,−I2〉 and 〈P,Z2,−I2〉 are isomorphic to the lattice (IX3 ⊗ Z−S3 , S3 ×C2) or
equivalently (ZA2,Aut(A2)). So the lattice restricted to
〈diag(I2, P ),diag(I2, Y 2),diag(I2,−I2),diag(P, I2),diag(Z2, I2),diag(−I2, I2)〉
is (ZA2 ⊕ ZA2,Aut(A2)×Aut(A2)). Since [
0 I2
I2 0
]
swaps the 2 copies of ZA2, we see that the full lattice structure is given by
(ZA2 ⊕ ZA2, (Aut(A2)×Aut(A2))⋊ C2)
as required.
DadeGroup(4,6) has GAP ID [4,31,7,1]. We will show that it determines the lattice (ZA4,Aut(A4))
which is hereditarily rational since it is the tensor product of 2 augmentation ideals of relatively
prime ranks. This lattice is (IX5 ⊗ Z−S5 , S5 × C2). Recalling our representation ((ρ−4 )∗ : S5 × C2 →
GL4(Z) determined by (IX5 ⊗ Z−S5), we see that the generators of DadeGroup(4,6) given by GAP
are
(ρ−4 )
∗(((15)(234), γ), (ρ−4 )
∗((14532)), γ), (ρ4)
∗((1423), γ)
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Since (14532) has odd order, we see that ((14523), γ)5 = (id, γ), and we know that S5 is generated
by any 5 cycle and any transposition, so it suffices to note that [(15)(234)]3 = (15), in order to
conclude that the preimages generate S5 × C2. So, as required, DadeGroup(4,6) determines the
lattice (IX5 ⊗ Z−S5 , S5 × C2) = (ZA4,Aut(A4)).
DadeGroup(4,7) has GAP ID [4,31,7,2]. We will show that it determines the lattice (Λ(A4),Aut(A4)).
This lattice is (JX5 ⊗ Z−S5 , S5 ×C2). In terms of our representation ρ−4 : S5 × C2 → GL4(Z) deter-
mined by (JX5 ⊗ Z−S5), we see that the generators of DadeGroup(4,7) given by GAP are
ρ−4 ((132)(45), γ), ρ
−
4 ((15234), γ), ρ
−
4 ((1324), γ)
Since (15234) has odd order, we see that ((15234), γ)5 = (id, γ), and we know that S5 is generated
by any 5 cycle and any transposition, so it suffices to note that [(132)(45]3 = (45), in order to
conclude that the preimages generate S5 × C2. So, as required, DadeGroup(4,7) determines the
lattice (JX5 ⊗ Z−S5 , S5 × C2) = (Λ(A4),Aut(A4)).
DadeGroup(4,8) has GAP ID [4,32,21,1]. We claim that it determines the lattice (ZB4,W (B4)).
In terms of our representation η4 :W (B4)→ GL4(Z), the generators given by GAP are
η4(τ2τ4(24)), η4(τ1τ3τ4(234)), η4(τ1τ2), η4(τ3τ4(12)(34)), η4(τ1τ2(13)(24)), η4(τ1τ4(14)(23))
We need only check that the subgroup H of W (B4) generated by the preimages of the generators
under η4 is W (B4). (Note that GAP gives a structure description for the group as the wreath
product of C2 by S4 so this is just a check). Recall that (τσ)
2 = ττσσ2 and τ τσi = τσ(i) for any
τ ∈ C42 and σ ∈ S4. Noting that (τ1τ2) is in H and conjugating this element by each of the
other above generators, one can see that τiτj is in the group for all 1 ≤ i 6= j ≤ 4. Looking
again at the generators, we see that (24), (12)(34), (13)(24), (14)(23) are also in the group. But
then since also [τ1τ3τ4(234)]
2 = τ2τ3(243) is in H, we have that (243) is in H too. We now have
〈(24), (12)(34), (13)(24), (14)(23), (243)〉 = S4 and 〈τiτj : 1 ≤ i 6= j ≤ 4〉 as subgroups. But looking
at the original generator τ1τ3τ4(234), we see that τ1 and hence all its conjugates under S4 are in
the group. This shows that the group generated by its preimages contains 〈τi : i = 1, . . . , 4〉 and
S4 and then must be W (B4). Note that (ZB4,W (B4)) is a hereditarily rational lattice as it is sign
permutation.
DadeGroup(4,9) has GAP ID [4,33,16,1]. Its generators are
X1 =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 ,X2 =


1 0 0 0
0 0 1 0
0 1 0 0
1 1 1 −1

 ,X3 =


0 1 0 −1
0 0 1 −1
1 0 0 −1
1 1 1 −2

 ,
X4 =


−1 0 0 1
0 0 −1 1
−1 −1 −1 1
−1 −1 −1 2

 ,X5 =


0 0 −1 0
1 1 1 −2
−1 0 0 0
0 0 0 −1

 ,
X6 =


−1 −1 −1 2
0 0 1 0
0 −1 0 0
−1 −1 0 1

 ,X7 =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 −1 −1 1


We wish to show that the associated lattice is (ZF4,W (F4)). We recall a standard basis of the root
system F4 is given by
∆ = {α1 = e2 − e3, α2 = e3 − e4, α3 = e4, α4 = e1 − e2 − e3 − e4
2
}
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The roots in the root system F4 are of the form
±ei ± ej , 1 ≤ i < j ≤ 4;±ei, 1 ≤ i ≤ 4; ±e1 ± e2 ± e3 ± e4
2
A Z-basis for ZF4 is given by
β = {e1, e2, e3, e1 + e2 + e3 + e4
2
}
For each of the simple roots in ∆ we may compute the matrices of sαi with respect to the basis β
where
sα(x) = x− 2x · α
α · αα
is the simple reflection corresponding to α. We find that
sα1 =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 , sα2 =


1 0 0 0
0 1 0 0
−1 −1 −1 2
0 0 0 1


sα3 =


1 0 0 0
0 1 0 0
0 0 1 0
1 1 1 −1

 , sα4 =


0 0 0 1
1 1 0 −1
1 0 1 −1
1 0 0 0


We may show that sα1 , . . . , sα4 are all contained in DadeGroup(4,9). That is, we may express
them as products of the generators given by GAP. Explicitly, sα1 = X1, sα2 = X5X3X
−1
4 X1,
sα3 = X2X1, sα4 = X
−1
6 X
−1
4 X
−1
3 X2X1. Since DadeGroup(4,9) has order 1152 = |W (F4)| we see
that they coincide. 
Remark 4.12. (Stably Rational Tori of Dimension 4 (Hoshi Yamasaki)) The 487 finite subgroups
of GL(4,Z) which correspond to stably rational tori from Hoshi and Yamasaki’s list are conjugate
to a subgroup of one of the groups with GAP IDs on the following list:
• (Irreducible maximal finite subgroups) [4,30,13,1],[4,31,7,1],[4,32,21,1]
• (Irreducible non-maximal finite subgroup) [4,31,6,2]
• (Decomposable finite subgroups) [4,20,22,1], [4,25,9,2],[4,25,11,1]
• (Reducible finite subgroups) [4,24,3,4],[4,25,7,5],[4,25,8,5]
That is, these are the maximal conjugacy classes of subgroups corresponding to stably rational
tori. In the list above, the maximal indecomposable subgroups corresponding to stably rational
tori are listed in their paper in the proof of the result for dimension 4. The maximal decomposable
subgroups are not listed in their paper but could be easily derived from their results or directly
from GAP.
The 7 finite subgroups of GL(4,Z) which correspond to retract rational tori which are not stably
rational from Hoshi and Yamasaki’s list are
• (6 Subgroups of DadeGroup(4,7) of GAP ID [4,31,7,2]):
[4,31,1,3],[4,31,1,4],[4,31,2,2],[4,31,3,2],[4,31,5,2],[4,31,7,2].
• (1 exceptional subgroup) [4,33,2,1].
Theorem 4.13. (Hereditarily rational tori of dimension 4) Among the 10 finite conjugacy classes
of subgroups of GL(4,Z) which are maximal among those corresponding to stably rational tori of
dimension 4, the following 8 correspond to hereditarily rational algebraic tori. We list the GAP ID
of each group G together with the lattice structure of MG.
(1) Dade Groups which correspond to hereditarily rational tori:
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• [4,20,22,1]: (ZB2 ⊕ ZA2,Aut(B2)×Aut(A2))
• [4,30,13,1]: (ZA2 ⊕ ZA2, (Aut(A2)×Aut(A2))⋊ C2).
• [4,31,7,1]: (ZA4,Aut(A4)).
• [4,32,21,1]: (ZB4,W (B4)).
(2) Direct Products G = H ×C2 of a finite matrix group H of rank 3 and a finite matrix group
C2 of rank 1 where H corresponds to a maximal hereditarily rational torus of rank 3. In
this case the lattice is MG = inf
G
H(MH)⊕ Z−H
• [4,25,9,2]: (infS4×C2S4 ZA3 ⊕ Z−S3 ,W (A3)× C2).
• [4,13,6,4]: (infD8×C2D8 L⊕ Z−D8 ,D8 × C2).
(3) Groups whose corresponding lattice is indecomposable but reducible with a rank 3 invariant
maximal hereditarily rational sublattice and a fixed rank 1 quotient lattice.
• [4,25,7,5]: (L1,W (B3)) where L1 is a non-split extension of W (B3)-lattices
0→ ZB3 → L1 → Z→ 0
• [4,24,3,4]: (L2,W (A3)) where L2 is a non-split extension of W (A3)-lattices
0→ ZA3 → L2 → Z→ 0
The union of the conjugacy classes of these 8 finite subgroups of GL(4,Z) produces 477 of the 487
stably rational algebraic k-tori determined by Hoshi and Yamasaki.
Proof. We have already determined the Dade groups which correspond to hereditarily rational tori.
We first determine the GAP IDs of the groups corresponding to a direct sum of a maximal heredi-
tarily rational lattice of rank 3 and a sign lattice.
We claim that the group with GAP ID [4,25,9,2] has lattice given by
(Z−W (A3) ⊕
W (A3)×C2
inf
W (A3)
ZA3,W (A3)× C2)
The generators given by GAP are
diag(1, A1),diag(−1, A2),diag(1, A3),diag(1, A4)
where Ai ∈ GL3(Z) are given by
A1 = (ρ3)
∗((34)), A2 = (ρ3)
∗((124)), A3 = (ρ3)
∗((14)(23)), A4 = (ρ3)
∗((12)(34))
where (ρ3)
∗ : S4 → GL3(Z) is the representation associated to the root lattice (IX4 , S4) =
(ZA3,W (A3)) described earlier. Since (124) is odd, so is A2 and so the generator (−1, A2) can
be replaced by (1, A2) and (−1, I3). Then it is clear that the group is a direct product of 〈(−1, I3)〉
and 〈(1, Ai) : i = 1, . . . , 4〉. It suffices to show that 〈(34), (124), (14)(23), (12)(34)〉 = S4, which is
easily checked. So 〈(1, Ai〉 = (ρ3)∗(S4) which implies that the corresponding lattice is the C2 × S4-
lattice inflated from the S4-lattice IX4 as required.
The group with GAP ID [4,13,6,4] has generators (I3,−1), (A,−1), (B,−1) where
A =

 1 0 01 0 −1
1 −1 0

 , B =

 0 0 1−1 0 1
0 −1 1


Since we may replace the generators by (I3,−1), (A, 1), (B, 1), the group is a direct product
〈(I3,−1)〉×〈(A, 1), (B, 1)〉 and so we may just determine the group 〈A,B〉. We note that Z(e1−e3)⊕
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Ze2 is stable under 〈A,B〉. Computing the matrices with respect to the new basis {e1 − e3, e2, e3}
(or equivalently conjugating by the change of basis matrix) we obtain
A′ =

 0 1 01 0 0
1 −1 1

 , B′ =

 0 1 0−1 0 0
0 −1 1


It is then clear that the W (B2) lattice determined by 〈A′, B′〉 satisfies
0→ ZB2 → L→ Z→ 0
Then our lattice is (inf
W (B2)×C2
W (B2)
L⊕ Z−W (B2),W (B2)×C2).
We next look at the groups which correspond to a reducible lattice with a 3 dimensional invariant
sublattice:
For the group with GAP ID [4,25,7,5], the generators are
C1 =


1 0 1 1
0 1 0 0
0 0 0 −1
0 0 −1 0

 , C2 =


1 0 1 0
0 0 1 0
0 0 0 1
0 −1 0 0

 ,
C3 =


1 −1 1 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 , C4 =


1 0 1 1
0 1 0 0
0 0 −1 0
0 0 0 −1


Note that this determines a lattice M which contains a sublattice with basis {e2, e3, e4} which is
stable under the action of the group. Note also that M/(⊕4i=2Zei) ∼= Z. The action on ⊕4i=2Zei is
determined by the group generated by
η3(τ2τ3(23)), η3(τ1(123)), η3(τ1τ2), η3(τ2τ3)
Since (τ1(123))
2 = τ1τ2(132), (132) is in the preimage, and then so is τ1. Then one can easily show
that τ2, τ3 and (23) are in the preimage too. This shows that the group determines a W (B3)-lattice
M which satisfies
0→ ZB3 →M → Z→ 0
So the corresponding algebraic torus is hereditarily rational.
For the group with GAP ID [4,24,3,4], the generators are
X1 =


1 −1 0 0
0 −1 0 0
0 −1 1 0
0 −1 0 1

 ,X2 =


1 −1 0 1
0 −1 0 1
0 −1 1 0
0 −1 0 0

 ,
X3 =


1 −1 −1 1
0 0 −1 1
0 0 −1 0
0 1 −1 0

 ,X4 =


1 −1 −1 1
0 −1 0 0
0 −1 0 1
0 −1 1 0


Note that this determines a lattice M4 which contains a sublattice M3 = ⊕4i=2Zei which is stable
under the action of the group. Note also that M4/M3 ∼= Z. The action restricted to the sublattice
M3 is determined by the group generated by
ρ∗3((14)), ρ
∗
3((134)), ρ
∗
3((13)(24)), ρ
∗
3((14)(23))
for the representation ρ∗3 : S4 → GL(3,Z) associated to the S4-lattice IX4 . It is easily checked that
the restriction of the group action onM3 is a faithful action. Since the group generated by preimages
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is 〈(14), (134), (13)(24), (14)(23)〉, we see that it contains the normal subgroup 〈(13)(24), (14)(23)〉
of S4. Then clearly 〈(13)(24), (14)(23), (143)〉 = A4 and 〈(13)(24), (14)(23), (143), (14)〉 = S4. So
the lattice determined by this group satisfies a short exact sequence of W (A3) = S4 lattices given
by
0→ ZA3 →M3 → Z→ 0
This again shows that the associated group is hereditarily rational.
We then use GAP to take the union of the conjugacy classes of subgroups corresponding to these
10 hereditarily rational lattices. (See below for our simple use of GAP to obtain this information.)
We find that we obtain 477 hereditarily rational tori, all but 10 of the stably rational tori obtained
by Hoshi and Yamasaki. Of these 10, there are 2 maximal groups having GAP IDs [4,25,8,5] and
[4,31,6,2]. In the next proposition we will describe the lattice structure of these two groups and list
the 10 exceptional subgroups. In a subsequent section, we will give non-computational proofs that
the tori corresponding to these two groups are stably rational. 
Remark 4.14. Let Hi, i = 1, 2 be finite matrix groups of rank ri, i = 1, 2 where each is a maximal
subgroup corresponding to a hereditarily rational torus of the appropriate rank. Then H1 ×H2 is
a finite matrix group corresponding to a hereditarily rational torus of rank r + s but it may not
be maximal among the finite matrix groups of rank r + s whose corresponding algebraic torus is
stably rational.
Proposition 4.15. The following are the GAP IDs and lattices corresponding to the two finite
subgroups of GL(4,Z) which are maximal among those corresponding to stably rational tori of
dimension 4 but are not known to be hereditarily rational:
• [4,31,6,2]: (JX5 ⊗ Z−A5 , A5 × C2)• [4,25,8,5]: The corresponding lattice L is a non-split extension of W (B3)-lattices
0→ ZB3 → L→ Z−C3
2
⋊A3
→ 0
There are 10 conjugacy classes of subgroups of these 2 groups which are not conjugate to a subgroup
of one of the 8 groups from Theorem 4.13. The rationality of the corresponding algebraic tori is
hence unknown. The full list is
• Subgroups of [4,31,6,2]: [4,31,3,2], [4,31,6,2]
• Subgroups of [4,25,8,5]: [4,6,2,11], [4,12,4,13], [4,13,2,6], [4,13,3,6], [4,13,7,12], [4,24,4,6],
[4,25,4,5], [4,25,8,5].
Note that the lattice corresponding to [4,31,3,2] is (JX5 , A5) which corresponds to a norm one torus.
Proof. From the proof of the last theorem, we see that the tori corresponding to all of the maximal
groups corresponding to stably rational tori except for those with GAP IDs [4,25,8,5] and [4,31,6,2]
are hereditarily rational.
For the group with GAP ID [4,25,8,5], the generators are
D1 =


−1 0 0 0
0 −1 0 0
0 0 0 −1
0 0 −1 0

 , C2 =


1 0 1 0
0 0 1 0
0 0 0 1
0 −1 0 0

 ,
C3 =


1 −1 1 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 , C4 =


1 0 1 1
0 1 0 0
0 0 −1 0
0 0 0 −1


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Note that these are in fact the same generators as in the [4,25,7,5] case except for the first one.
Note that this determines a lattice M which contains a sublattice M0 with basis {e2, e3, e4} which
is stable under the action of the group. Note also that M1 = M/M0 is a rank 1 lattice with
non-trivial action.
The action on M0 = ⊕4i=2Zei is determined by the group generated by
η3(τ1τ2τ3(23)), η3(τ1(123)), η3(τ1τ2), η3(τ2τ3)
Since (τ1(123))
2 = τ1τ2(132), then (132) is in the preimage and hence so is τ1. Then one can
easily show that τ2, τ3 and (23) are too. Then it is clear that the group acts on the lattice M0 as
(ZB3,W (B3)). It is easy to check that the restriction of the group action to M0 is faithful, so that
we may identify the group elements with the elements ofW (B3). Note thatN = 〈τ1(123), τ1τ2, τ2τ3〉
acts trivially on M1 = M/M0. Since N contains (τ1(123))
2 = τ1, τ2, τ3, it can be shown to contain
〈τ1, τ2, τ3, (123)〉 = C32 ⋊A3. This shows that the group G determines a lattice M which satisfies
0→ ZB3 →M → Z−C3
2
⋊A3
→ 0
Note also that W (B3) = C
3
2 ⋊ S3
∼= C2 × S4 and N = C32 ⋊ A3 ∼= C2 × A4. We will present a
non-computational proof that the lattice corresponding to [4,25,8,5] is quasi-permutation.
The lattice determined by [4,31,6,2] is (JX5 ⊗ Z−A5 , A5 × C2). This is because the generators given
by GAP are
ρ−4 ((15243), γ), ρ
−
4 ((132), 1), ρ
−
4 ((12)(34), 1), ρ
−
4 ((13)(24), 1)
Since (15243) has odd order, we see that (1, γ) ∈ C2 is in the preimage. Then it is not hard to see
that 〈(13)(24), (12)(34), (132)〉 = A4 and so 〈(15243), (132), (12)(34), (13)(24)〉 = A5.
The lattice determined by [4,31,3,2] is (JX5 , A5). This is because the generators given by GAP are
ρ4((14352)), ρ4((123)), ρ4((13)(25)), ρ4((12)(35))
Again, it’s easy to see that 〈(13)(25), (12)(35)〉 = C2 × C2 and 〈(13)(25), (12)(35), (123)〉 = A4
and finally 〈(13)(25), (12)(35), (123)〉 = A5. We will show in the next section that the lattices
(JA5×C2/A4×C2 ⊗ Z−A5 , A5 × C2) and (JA5/A4 , A5) are quasi-permutation so that the corresponding
tori are stably rational. We are not able to show that these tori are rational. Note that that
determined by the A5-lattice JA5/A4 is a norm one torus and we will see that the other torus is
closely related.
To explain why there are only 2 missing subgroups of [4,31,6,2] not known to correspond to stably
rational tori, note that the restriction of (JX5 ⊗Z−A5 , A5×C2) to the maximal subgroup D5×C2 is
(JX5 ⊗Z−D10 ,D10 ×C2) which corresponds to a hereditarily rational torus. Note that all subgroups
of A5 × C2 except A5 are subgroups of D10 × C2. 
Remark 4.16. We explain our very basic use of GAP. We mainly used the generating sets (which
could have been found in [BBN+78]) and as a calculation tool to check our hypotheses. All the
calculations of the lattices corresponding to the groups could be done by hand as explained above
directly from the generating sets, with only 2 exceptions. In the case of the lattice for the Weyl group
of F4, we used GAP to find the simple reflections in the generators. In the case of DadeGroup(4,4)
we used GAP to check that our proposed group was conjugate to DadeGroup(4,4). We hope to
find simpler proofs in those 2 cases. Note that they do not come into play in checking for rational
tori.
To check in the dimension 3 and 4 cases that the conjugacy classes of subgroups of the groups
corresponding to our hereditarily rational algebraic tori are rational give all (respectively all but
10) stably rational algebraic tori we mainly use the following function:
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SubConjClass:=function(r,m,n,k)
local g,sub,l,setsub;
g:=MatGroupZClass(r,m,n,k);
sub:=Subgroups(g);
l:=List(sub,x->CrystCatZClass(x));
setsub:=Set(l);
return setsub;
end;
This function returns the conjugacy classes of subgroups of the group MatGroupZClass(r,m,n,k)
given as a list of GAP IDs. It depends on the GAP script written by Hoshi and Yamasaki cryst-
cat.gap. This script which is available on the second author’s website, at
http://www.math.h.kyoto-u.ac.jp/~yamasaki/Algorithm/
determines the GAP ID of a finite subgroup G of GLn(Z) where n = 2, 3, 4 by the function
CrystCatZClass(G).
It uses the data of the book [BBN+78] to find the crystal class, Q class and Z class of a finite
subgroup of GLn(Z). It is invoked using
Read(‘‘crystcat.gap’’);
With that tool, for the proposed maximal hereditarily rational subgroups, one can find the union
of all the conjugacy classes of subgroups in terms of their GAP IDs. One can also find the union
of all conjugacy classes of subgroups of the Dade Groups. By taking the difference of these two
sets, we find the list of all GAP IDs correponding to non-rational tori. One can then check them
against the lists in Hoshi and Yamasaki [HY12] which I do not reproduce here.
5. Stable rationality of Exceptional tori
In this section, we will show that algebraic k-tori whose character lattices are given by (JX5 , A5)
or (JX5 ⊗ Z−A5 , A5 × C2) are stably rational recovering results of Hoshi and Yamasaki in a non-
computational way. We will also give new non-computational proofs showing that the 7 algebraic
k-tori of dimension 4 which are retract but not stably rational.
Note that, for a prime p, Beneish [Ben98] proved that the Sp-lattice JXp is flasque equivalent to
Ind
Sp
NSp(Cp)
Res
Sp
NSp(Cp)
JXp
as Sp-lattices where NSp(Cp) = Cp ⋊ Cp−1 is the normaliser of the cyclic p Sylow subgroup of Sp.
[Recall however, that it is known that the NSp(Cp)-lattice JXp is not Cp⋊Cp−1-quasi permutation
for primes p ≥ 5.] We intend to prove a similar result for A5 and NA5(C5) = C5 ⋊ C2 = D10. The
arguments are similar at the start but diverge at a critical point. This result and the fact that
JX5 is D10-quasi-permutation, will allow us to show that JX5 is also A5-quasi-permutation. Note
that this is equivalent to the result that for a separable extension K/k of degree 5 with Galois
closure L/k such that Gal(L/k) = A5 and Gal(L/K) = A4, the norm one torus R
(1)
K/k(Gm) is stably
rational.
We intend also to show that JX5 ⊗Z−A5 is A5×C2-quasi-permutation (and the corresponding torus
stably rational) using the result for the corresponding norm one torus and a useful Lemma due to
Florence (see below).
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The following lemma was observed by Bessenrodt-Lebruyn [BLB91].
Lemma 5.1. For the transitive Sn-set Xn with stabilizer subgroup Sn−1,
IXn ⊗ Z[Xn] ∼= Z[Sn/Sn−2]
Proof. Let {ei : i = 1, . . . , n} be the Z-basis of the Sn-set Xn permuted by Sn via σ(ei) = eσ(i). It
suffices to show that IXn ⊗ Z[Xn] has Z-basis
{(ei − ej)⊗ ei : i 6= j}
as then this basis is clearly transitively permuted by the action of Sn with stabilizer subgroup Sn−2.
Since a Z-basis of IXn ⊗ Z[Xn] is given by
{(ei − ei+1)⊗ ej : 1 ≤ i ≤ n− 1, 1 ≤ j ≤ n}
we need only show the Z-span of each set contains the other. Then
(ei − ej)⊗ ej =
j−1∑
k=i
(ek − ek+1)⊗ ej , i < j
and
(ei − ej)⊗ ej = −
i−1∑
k=j
(ek − ek+1)⊗ ej , i > j.
Conversely,
(ei − ei+1)⊗ ej = (ej − ei+1)⊗ ej − (ej − ei)⊗ ej.

The following lemma was proved by Bessenrodt and Lebruyn but unpublished. It was proved in
Beneish [Ben98]. Here is a simpler proof.
Lemma 5.2. For p prime, let Bp be the Sp-lattice
Bp = JXp ⊗ IXp
Then
Bp ⊕ Z[Xp] ∼= Z[Sp/Sp−2]⊕ Z
So Bp is Sp-stably permutation.
Proof. Tensoring the exact sequence
0→ IXp → Z[Xp]→ Z→ 0 (∗)
by JXp = (IXp)
∗, and noting that
(IXp)
∗ ⊗ (Z[Sp/Sp−1])∗ ∼= (IXp ⊗ Z[Sp/Sp−1])∗ ∼= Z[Sp/Sp−2]
as well as the fact that permutation lattices are self-dual, we see that
Z
=
//


Z


Bp // //
=

pull-back // //


Z[Xp]


Bp // // Z[Sp/Sp−2] // // I
∗
Xp
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Since extensions of permutation lattices by permutation lattices are always split, we have the exact
sequence
0→ Bp → Z⊕ Z[Sp/Sp−2]→ Z[Xp]→ 0
To prove the result, we need only show that Bp is invertible since extensions of permutation lattices
by invertible lattices are split.
To show that Bp is Sp-invertible, it suffices to show that Bp isQ-invertible for each Sylow q-subgroup
Q of Sp.
Let Q be a Sylow q-subgroup of Sp where q 6= p. Then Q must fix some ei ∈ Z[Xp]. Then
IXp |Q⊕Z = Z[Xp]|Q. In fact IXp |Q is then Q-permutation with Z-basis {ei−ej : j 6= i}. Dualising
we get (IXp)
∗|Q ⊕ Z = Z[Xp]|Q and tensoring with IXp |Q we obtain
(Bp)|Q ⊕ IXp |Q ∼= Z[Sp/Sp−2]|Q
So Bp|Q is Q-stably permutation and hence Q-invertible.
It suffices to show that Bp|P is P -invertible where P is a Sylow p-subgroup of Sp. Note that P ∼= Cp
and Z[Xp]Cp
∼= Z[Cp]. So
0→ (Bp)P → (Z⊕ Z[Sp/Sp−2])P → Z[P ]→ 0
splits since Z[P ] is free.
So Bp is Sp-invertible and then the sequence
0→ Bp → Z⊕ Z[Sp/Sp−2]→ Z[Xp]→ 0
splits to give us the result. 
Definition 5.3. For a group G, a G module M is cohomologically trivial if Hˆk(H,M) = 0 for
all k and for all subgroups H of G. Projective G modules are cohomologically trivial. A result in
Brown [Bro82, Theorem 8.10] shows that faithful cohomologically trivial G-lattices (torsion-free G
modules) are G-projective.
Lemma 5.4. FpISp/Np := Fp ⊗Z ISp/Np is Sp-cohomologically trivial where Np = NSp(Cp) is the
normaliser of a cyclic Sylow p-subgroup Cp of Sp.
Proof. Note that tensoring the augmentation sequence for Sp/Np by Fp is exact. Since p does not
divide [Sp : Np], the FpSp-exact sequence
0→ FpISp/Np → Fp[Sp/Np]→ Fp → 0
splits and so
Fp[Sp/Np] ∼= FpISp/Np ⊕ Fp
It suffices to check whether the restrictions to Sylow subgroups are cohomologically trivial. For any
Sylow q-subgroup for q 6= p, representations of FpQ are completely reducible and so all are projective
and hence cohomologically trivial. So it suffices to check whether FpISp/Np |P is cohomologically
trivial for a cyclic Sylow p-subgroup P = Cp. By Mackey’s Theorem,
Res
Sp
P Ind
Sp
Np
Fp = ⊕x∈P\Sp/NpFp[P/P ∩Nxp ]
Since P ∼= Cp, P ∩Nxp is either P or {1}. We claim that the unique double coset with P ∩Nxp = P
is PxNp = Np. Suppose P ∩ Nxp = P . Then P ≤ Nxp and so P x
−1 ≤ Np. But P is the unique
p-Sylow subgroup of Np and so P
x−1 = P which means x−1 ∈ Np. Then we have x ∈ Np and
PxNp = Np. So for all non-trivial double cosets PxNp 6= Np, we have P ∩ Nxp = 1. This means
that
Res
Sp
P Ind
Sp
Np
Fp = Fp ⊕ (FpP )k
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for some k. Since Fp[Sp] satisfies Krull Schmidt, we have that
Res
Sp
P FpISp/Np ⊕ Fp ∼= Fp ⊕ (FpP )k
implies that Res
Sp
P FpISp/Np
∼= (FpP )k is free and so cohomologically trivial. 
Proposition 5.5. A projective A5-lattice is A5-stably permutation.
Proof. By Endo and Miyata [EM76], the projective class group of the group ring of A5, Z[A5], is
Cl(Z[A5]) = 0. But the projective class group is the kernel of the rank homomorphismK0(Z[A5])→
Z which sends any finitely generated projective A5 lattice to its rank. Since this class group is zero,
it shows that any projective A5-lattice has the same class inK0(ZA5) as a free A5-lattice of the same
rank. But then by [CR87, 38.22], we see that a projective A5-lattice is A5-stably free. This shows
that all cohomologically trivial faithful A5-lattices are stably free and hence stably permutation. 
Remark 5.6. Projective G-lattices are stably permutation for any finite group G with splitting
field Q (e.g. Sn). [EM76], see also [Lor05, Lemma 2.3.1]. This was used in [BLB91, Ben98]. Note
that the splitting field for A5 is Q(
√
5).
Lemma 5.7. An FpG-module M is projective if and only if Res
G
PM is projective for a Sylow
p-subgroup P of G. In particular, if G is a transitive subgroup of Sp, then for the G-set Xp ∼=
G/G ∩ Sp−1, we have that Fp[Xp] is projective as an FpG-module.
Proof. The natural surjection π : IndGPRes
G
PM →M has a section
s :M → IndGPResGPM,m→
1
[G : P ]
∑
gP∈G/P
g ⊗ g−1m
since [G : P ] is invertible in Fp. Then M is an FpG direct summand of Ind
G
PRes
G
PM .
If ResGPM is projective, so is Ind
G
PRes
G
PM and hence so is M by the previous remark.
The converse is clear.
Since G is a transitive subgroup of Sp, it has a cyclic p-Sylow subgroup Cp. Then Fp[Xp] restricted
to the cyclic p-Sylow subgroup Cp is isomorphic to the free Fp[Cp]-module Fp[Cp]. 
Lemma 5.8. If 0 → M → P → L → 0 and 0 → M ′ → Q → L → 0 are 2 short exact sequences
of G modules with P,Q G-permutation, then M ∼M ′ where ∼ denotes flasque equivalence.
Proof. The pullback diagram gives two exact sequences 0 → M → E → Q → 0 and 0 → M ′ →
E → P → 0. Note that the pullback module E is a G-lattice (i.e. is Z-torsion free). So M ∼ M ′
as required. 
Proposition 5.9. Suppose G is a transitive subgroup of Sp for which all G-projective lattices are
G-stably permutation. Let N = NG(Cp) be the normaliser subgroup of a (cyclic) Sylow p subgroup
Cp. Let M be a G-lattice such that there exists a short exact sequence of G modules
0→M → P → X → 0
where
• P is G-permutation.
• X p-torsion
• X ⊗ FpI[G/N ] is cohomologically trivial
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then
M ∼ IndGNResGN (M)
where ∼ denotes flasque equivalence.
Proof. Note that the hypothesis of transitivity implies that a Sylow p subgroup Cp of G is cyclic
of order p. So N = NG(Cp) ≤ NSp(Cp) = Cp ⋊ Cp−1 and so N = NG(Cp) = Cp ⋊ (Cp−1 ∩G).
Applying IndGNRes
G
N , we get
0→ IndGNResGNM → IndGNResGNP → IndGNResGNX → 0
Since X is p-torsion, IndGNRes
G
NX = Fp[G/N ] ⊗Fp X. We have already noted that Fp[G/N ] =
Fp ⊕ FpIG/N . So
(2) IndGNRes
G
NX = X ⊕ (FpIG/N ⊗X)
By hypothesis, FpIG/N ⊗X is cohomologically trivial. Let
0→ K → F → FpIG/N ⊗X → 0
be an exact sequence of G-modules with F a free G-module. Then K is also cohomologically trivial
and Z-free. By [Bro82, Theorem 8.2], this implies that K is G-projective and hence G-stably
permutation by hypothesis. Adding this sequence to the original and recalling (2), we obtain
0→M ⊕K → P ⊕ F → IndGNResGNX → 0
But then by Lemma 5.8, we see that M ⊕K ∼ IndGNResGNM . Since K is G-stably permutation, we
see that M ∼M ⊕K and so M ∼ IndGNResGNM .

Corollary 5.10. For an odd prime p, the transitive Sp-set Xp, and N = NSp(Cp), we have that
that
JXp ∼ IndSpN JN/Cp−1
as Sp-lattices.
Also, for the transitive A5-set X5, we have that
JX5 ∼ IndA5D10JD10/C2
as A5-lattices. It follows that JX5 is A5-quasi-permutation.
Proof. We will apply the previous proposition. Note that G = Sp, for an odd prime p and G = A5
satisfy the hypothesis that all projective G-lattices are G-stably permutation. Note also that A5
is a transitive subgroup of S5 such that the normaliser of a cyclic subgroup of order 5 is D10, the
dihedral group of order 10. We need to construct an appropriate G-exact sequence to apply the
proposition.
For any G set Y of size n, there is an inclusion of G-lattices α : IY ⊕ Z → Z[Y ] where α|IY is the
inclusion and for n = |Y | and {ei : i = 1, . . . , n} a Z-basis of Z[Y ], α : Z → Z[Y ], 1 →
∑n
i=1 ei.
Since {e1 − e2, . . . , en−1 − en, en} is a basis for Z[Y ] and {e1 − e2, . . . , en−1 − en, nen} is a basis
for IY ⊕ Z, it is easily checked that
0→ IY ⊕ Z→ Z[Y ]→ Z/nZ→ 0
is a short exact sequence of G-lattices with Z/nZ having trivial action.
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Letting Y = Xp, we set Bp = JXp ⊗ IXp = (IXp)∗ ⊗ IXp where Xp is a transitive G-set of size p.
Then tensoring by JXp , we obtain
0→ Bp ⊕ JXp → Z[Xp]⊗ JXp → FpJXp → 0
We need to show that FpJXp⊗FpIG/N is G-cohomologically trivial. Tensoring the following G-exact
sequence by FpIG/N :
0→ Fp → Fp[Xp]→ FpJXp → 0
we obtain
0→ FpIG/N → Fp[Xp]⊗ IG/N → FpJXp ⊗ IG/N → 0
Now Fp[Xp] is Fp[G]-projective by Lemma 5.7. So Fp[Y ] ⊗ IG/N is also FpG-projective and so
cohomologically trivial as an FpG module. We have already seen that FpIG/N is cohomologically
trivial as an FpG-module. This shows that (FpJXp) ⊗ (FpIG/N ) is cohomologically trivial as an
FpG-module and hence also as a G-module as FpG is cohomologically trivial as a G-module.
Note that we have constructed an exact sequence of the required form for Bp ⊕ JXp . But since
Bp is G-stably permutation, the fact that Bp ⊕ JXp ∼ IndGNResGN (BY ⊕ Jy) = IndGNResGN (Bp) ⊕
IndGNRes
G
N (JXp) shows that JXp ∼ IndGNResGN (JXp) since IndGNResGN preserve stably permutation
lattices.
For G = Sp, p an odd prime, and N = NSp(Cp) = Cp ⋊ Cp−1, we see that Res
G
N (JXp) = JN/Cp−1
and so JXp ∼ IndSpN JN/Cp−1 as Sp-lattices.
For G = A5, G ∩ S4 = A4, N = NG(C5) = D10 and N ∩ S4 = C2, so
JX5 = JA5/A4 ∼ IndA5D10(JD10/C2)
as A5-lattices as required. 
Proposition 5.11. For an odd prime p and the transitive Sp set Xp of size p, a flasque resolution
of JXp is given by
0→ JXp → Z[Sp/Sp−2]→ J⊗2Xp → 0
In fact, the Sp-lattice J
⊗2
Xp
is invertible.
Proof. This is well-known and was proven in [BLB91] using somewhat different language. As we
require this result, we give a quick self-contained proof. Tensoring the Sp-exact sequence
0→ Z→ Z[Xp]→ JXp → 0
by JXp and noting that JXp ⊗ Z[Xp] ∼= (IXp ⊗ Z[Xp])∗ ∼= Z[Sp/Sp−2] by *, we obtain the Sp-exact
sequence of the statement.
It suffices to show that J⊗2Xp is invertible when restricted to Sylow q-subgroups of Sp. Note that
any Sylow q subgroup Q of Sp for q 6= p, must fix ei for some i = 1, . . . , p, where Z[Xp] has Z-basis
ei, i = 1, . . . , p. Then Res
Sp
Q (IXp) permutation Q-lattice with Z-basis ei− ej, j 6= i. So its dual JXp
and J⊗2Xp must also be Q-permutation lattices. As for the Sylow p-subgroup Cp, a result of Endo-
Miyata shows that for cyclic p-groups, every flasque lattice is invertible. Since (J⊗2Xp )
∗ = I⊗2Xp , we
need only check that Res
Sp
Cp
I⊗2Xp = I
⊗2
Cp
is coflasque. Dualising the exact sequence of the statement
and restricting to Cp, we obtain the Cp-exact sequence
0→ (ICp)⊗2 → Z[Cp]p−1 → ICp → 0
But then since (ICp)
Cp = 0, and H1(Cp,Z[Cp]
p−1) = 0, we see that H1(Cp, (ICp)
⊗2) = 0 as
required. 
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Recall the following useful lemma from Florence [Flo]. The original was stated for lattices for a
profinite group. The proof for G-lattices follows immediately.
Lemma 5.12. Let Ai, Bi, Ci, i = 1, 2 be G-lattices fitting into two exact sequences
0→ Ai ji→ Bi pii→ Ci → 0
Assume we are given ax G module map si : Ci → Bi, and d1, d2 two coprime integers, such that
π ◦ si = diid, i = 1, 2. Let A3 = A1 ⊗A2,
B3 = (B1 ⊗B2)⊕ (C1 ⊗C2), C3 = (C1 ⊗B2)⊕ (B1 ⊗ C2).
Then there is an exact sequence
0→ A3 j3→ B3 pi3→ C3 → 0
together with a G module map s3 : C3 → B3 such that π3 ◦ s3 = d1d2id.
Remark 5.13. Observe that this lemma is very handy for showing that in certain circumstances,
the tensor product of two quasi-permutation lattices is again quasi-permutation. Indeed, with the
hypotheses of the Lemma and the additional assumption that Bi, Ci, i = 1, 2 are all permutation
lattices, then B3, C3 are also permutation, since the tensor product of permutation lattices is
permutation and the direct sum of permutation lattices is permutation. Indeed, in Theorem 2.2
of the same paper, he shows that the tensor product of augmentation ideals of G sets of pairwise
relatively prime order is quasipermutation as a consequence of this Lemma. He then goes on to give
a simple proof of Klyachko’s result that a k-torus with character lattice isomorphic to the tensor
product of two augmentation ideals for G sets of relatively prime order is rational.
We will apply this Lemma to prove that the A5 × C2 lattice JX5 ⊗ Z−A5 is quasi-permutation.
Remark 5.14. Suppose
0→ A→ B pi→ C → 0
is an exact sequence of G-lattices and s : C → B is a G-equivariant map such that π ◦ s = nid. Let
D be another G-lattice. Then for the G-exact sequence
0→ (D ⊗A)→ (D ⊗B) pˆi→ (D ⊗ C)→ 0
where πˆ = (idD ⊗ π), there exists a G-equivariant map
sˆ = (idD ⊗ s) : (D ⊗ C)→ (D ⊗B)
such that πˆ ◦ sˆ = nid.
In particular, this remark applies to the natural exact sequence for the G-lattice JXn where Xn is
a G-set of size n. Then for the G-exact sequence
0→ Z→ Z[Xn] pi→ JXn → 0
there is a natural G-equivariant map s : JXn → Z[Xn] given by s(π(x)) = nx −
∑
y∈X y which
satisfies π ◦ s = nid. Tensoring this sequence with JXn , we obtain a G-exact sequence
0→ JXn → JXn ⊗ Z[Xn] pˆi→ J⊗2Xn → 0
For this sequence, there exists a G-equivariant map sˆ : J⊗2Xn → JXn ⊗ Z[Xn] such that πˆ ◦ sˆ = nid.
Recall that:
Theorem 5.15. [LB95, Flo06] Let K/k be a separable extension of prime degree p, p ≥ 5 with
Galois closure L/k having Galois group Gal(L/k) = Cp ⋊Cp−1 and H = Gal(L/K) = Cp−1. Then
R
(1)
K/k(Gm) is not a stably rational variety.
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Note that this is equivalent to JXp is not stably permutation as an Cp ⋊ Cp−1 lattice if p ≥ 5 is
prime. This applies in particular to the F20 = C5 ⋊ C4-lattice JX5 .
Proposition 5.16. For a prime p ≥ 5, the Sp × C2-lattice JXp ⊗ Z−Sp is Sp × C2-quasi-invertible
but not Sp × C2-quasipermutation.
The A5 × C2-lattice JX5 ⊗ Z−A5 is A5 × C2-quasipermutation.
Proof. Let p ≥ 5 be a prime. A flasque resolution for JXp for the transitive Sp-set Xp can be given
by
0→ JXp → JXp ⊗ Z[Xp] pi1→ J⊗2Xp → 0
As we have seen, JXp ⊗Z[Xp] is permutation as the dual of IXp ⊗Z[Xp]. We have shown that J⊗2Xp
is Sp-quinvertible. We see from the remark that there exists an Sp-equivariant map
s1 : J
⊗2
Xp
⊕ P → Z[Xp]⊗ JXp ⊕ P
such that π1 ◦ s1 = pid. Inflating this sequence from Sp to Sp × C2 gives us the same statements
for the Sp ×C2-set Xp. That is, the above sequence can be considered also a flasque resolution for
the Sp × C2-lattice JXp with all maps considered above Sp × C2-equivariant. We remark that the
sign lattice Z−Sp for Sp × C2 is in fact the augmentation ideal IY2 for Y2 = (Sp × C2)/Sp and so its
augmentation sequence
0→ IY2 → Z[Y2] pi2→ Z→ 0
admits an Sp×C2-equivariant map s2 : Z→ Z[Y2] such that π2◦s2 = 2id. We may apply Florence’s
Lemma to the 2 exact sequences above to obtain an Sp × C2-exact sequence:
(3) 0→ JXp ⊗ IY2 →M → N → 0
where
M = JXp ⊗ Z[Xp]⊗ Z[Y2]⊕ J⊗2Xp ⊗ Z
N = JXp ⊗ Z[Xp]⊗ Z⊕ J⊗2Xp ⊗ Z[Y2]
Since JXp ⊗ Z[Xp] is permutation and J⊗2Xp is invertible as Sp ⊗ C2-lattices, we see that the same
holds for M and N . We may then find an appropriate Sp × C2-lattice L such that M ⊕ L ∼= P is
permutation. Note that L is also invertible. Then the Sp × C2-exact sequence
0→ JXp ⊗ IY2 → P → N ⊕ L→ 0
shows that the Sp × C2-lattice JXp ⊗ Z−Sp = JXp ⊗ IY2 is quasi-invertible as required.
Note though, that the Sp × C2-lattice JXp ⊗ Z−Sp is not quasi-permutation as its restriction to
Cp ⋊ Cp−1 is the lattice JXp which is not quasi-permutation.
Now setting p = 5, we restrict the above sequence (3) to A5 × C2. We have an A5 × C2-exact
sequence
0→ JX5 ⊗ IY2 →M → N → 0
where
M = JX5 ⊗ Z[X5]⊗ Z[Y2]⊕ J⊗2X5 ⊗ Z
N = JX5 ⊗ Z[X5]⊗ Z⊕ J⊗2X5 ⊗ Z[Y2]
Since the A5-lattice JX5 is quasi-permutation, its inflation, the A5 × C2-lattice JX5 is also quasi-
permutation. But then the its flasque lattice, the A5×C2-lattice J⊗2X5 , is A5×C2-stably permutation.
This shows that as A5 × C2-lattices, M and N are stably permutation.
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We may then find an appropriate A5 × C2-permutation lattice Q such that M ⊕Q ∼= P is permu-
tation. Then the A5 × C2-exact sequence
0→ JX5 ⊗ IY2 → P → N ⊕Q→ O
shows that the A5 × C2-lattice JX5 ⊗ Z−S5 = JX5 ⊗ IY2 is quasi-permutation as required. 
Lemma 5.17. Z[F20/D10] ⊗ J⊗2F20/C4 is F20-stably permutation. Z[S5/A5] ⊗ J
⊗2
S5/S4
is S5-stably
permutation.
Proof. For any G-lattice M and a subgroup H of G,
Z[G/H]⊗M ∼= IndGHResGH(M)
Since we have seen that
0→ JX5 → JX5 ⊗ Z[X5]→ J⊗2X5 → 0
is a flasque resolution for the S5-lattice JX5 , it is also a flasque resolution for its restrictions to any
subgroup. Note that JX5
∼= JS5/S4 as an S5-lattice, JX5 ∼= JA5/A4 as an A5-lattice, JX5 ∼= JF20/C4
as an F20-lattice and JX5
∼= JD10/C2 as an D10-lattice. Since the D10 lattice JX5 ∼= JD10/C2 is
quasi-permutation, J⊗2X5 must be stably permutation as D10-lattice. Then
Z[F20/D10]⊗ J⊗2X5 ∼= Ind
F20
D10
ResF20D10JX5
shows that Z[F20/D10]⊗J⊗2X5 is F20-stably permutation. Similarly, since the A5-lattice JX5 ∼= JA5/A4
is quasi-permutation, J⊗2X5 must be stably permutation as an A5-lattice. Then
Z[S5/A5]⊗ J⊗2X5 ∼= Ind
S5
A5
ResS5A5JX5
shows that Z[S5/A5]⊗ J⊗2X5 is S5-stably permutation. 
Proposition 5.18. For the S5-lattices JX5 and JX5 ⊗ Z−A5 , we have
ρS5(JX5 ⊗ Z−A5) = −ρS5(JX5) 6= 0
The GAP IDs of the corresponding groups are [4, 31, 4, 2] and [4, 31, 5, 2].
For the F20-lattices JX5 and JX5 ⊗ Z−D10,
ρF20(JX5 ⊗ Z−D10) = −ρF20(JX5) 6= 0
The GAP IDs of the corresponding groups are [4, 31, 1, 3] and [4, 31, 1, 4].
Proof. From the remark, we have observed that the S5-flasque resolution for JX5 given by
0→ JX5 → JX5 ⊗ Z[X5] pi1→ J⊗2X → 0
admits an equivariant map s1 : J
⊗2
X5
→ JX5⊗Z[X5] such that π1◦s1 = 5id. For the second sequence,
we will take instead the S5-set S5/A5, and the quasi-permutation resolution for IS5/A5 = Z
−
A5
given
by
0→ IS5/A5 → Z[S5/A5]
pi2→ Z→ 0
which admits an equivariant map s2 : Z → Z[S5/A5] such that π2 ◦ s2 = 2id. So the 2 sequences
satisfy the hypotheses for Florence’s Lemma and we obtain an S5-exact sequence
0→ JX5 ⊗ IS5/A5 →M → Q→ 0
where
M = JX5 ⊗ Z[X5]⊗ Z[S5/A5]⊕ J⊗2X5 ⊗ Z
Q = JX5 ⊗ Z[X5]⊗ Z⊕ J⊗2X5 ⊗ Z[S5/A5]
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Since JX5 ⊗ Z[X5] is S5-permutation and J⊗2X5 ⊗ Z[S5/A5] is S5-permutation by the Lemma, we
see that Q is permutation. Since also J⊗2X5 ⊗ Z ∼= J⊗2X5 is S5-invertible, we see that M is also S5-
invertible. In fact if L is an S5-lattice such that J
⊗2
X5
⊕ L is S5-permutation, we may adjust this
S5-exact sequence to
0→ JX5 ⊗ IS5/A5 →M ⊕ L→ Q⊕ L→ 0
Then Q⊕ L is S5-invertible, M ⊕ L is S5-permutation, and the S5-flasque class of JX5 ⊗ IS5/A5 is
[Q⊕L] = [L] since Q is permutation. But the S5-flasque class of JX5 is [J⊗2X5 ] and since J⊗2X5 ⊕L is
permutation, we see that for the S5-lattices JX5 ⊗ Z−A5
ρS5(JX5 ⊗ Z−A5) = −ρS5(JX5)
as required. We also know that ρS5(JX5) 6= 0 as the lattice JX5 restricted to F20 is not quasi-
permutation and so neither is JX5 as an S5-lattice.
The above argument restricted to the subgroup F20 gives the other statements, where we note that
S5-set S5/A5 restricted to F20 is F20/D10.
The GAP ID identifications will be discussed below. 
Note that the Corollary was obtained computationally in [HY12].
By results of Hoshi and Yamasaki in [HY12], there are 7 conjugacy classes of finite subgroups of
GL4(Z) which correspond to retract but not stably rational algebraic tori. It turns out that the
DadeGroup(4,7) with GAP ID [4,31,7,2] and corresponding lattice (Λ(A4),Aut(A4)) is one such
example. All but one of the other such examples can be seen to be subgroups (not just conjugate
subgroups) of this group. Their lattices correspond to restrictions of Λ(A4) to the appropriate
subgroup. The justifications are similar to identifying the lattice corresponding to DadeGroup(4,7)
since they correspond to subgroups. For this reason, they are omitted.
Proposition 5.19. The following subgroups of DadeGroup(4,7) with GAP ID [4,31,7,2] and lattice
(Λ(A4),Aut(A4)) = (JX5 ⊗ Z−S5 , S5 × C2)
have GAP IDs and lattices given by:
(1) [4,31,1,3]: (JX5 , F20).
(2) [4,31,1,4]: (JX5 ⊗ Z−D10 , F20)
(3) [4,31,2,2]: (JX5 ⊗ Z−F20 , F20 × C2).
(4) [4,31,4,2]: (JX5 , S5).
(5) [4,31,5,2]: (JX5 ⊗ Z−A5 , S5).
All of these correspond to retract rational tori which are not stably rational.
Proof. Note that these observations for [4,31,1,3] and [4,31,4,2] were made in Hoshi Yamasaki. It
was shown above that (JXp ⊗ Z−Sp , Sp × C2) is quasi-invertible for p ≥ 5 prime (or equivalently
the corresponding norm one torus is retract rational). Restrictions of quasi-invertible lattices are
quasi-invertible. So all the lattices on the list above are quasi-invertible with corresponding tori
retract rational.
By the result above, we know that (JX5 , F20) is not quasi-permutation. So ρ(JX5 , F20) 6= 0. Since
every lattice in the list above contains either (JX5 , F20) or (JX5 ⊗Z−D10 , F20), we see that the result
will follow since
ρF20(JX5 ⊗ Z−D10) = −ρF20(JX5) 6= 0

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We will now address the remaining case of a retract but not stably rational algebraic k-torus of
dimension 4.
Remark 5.20. For any cyclic group Cn and given a primitive nth root of unity ωn, there is a
natural Cn lattice given by Z[ωn], which is the ring of integers of the field Q(ωn). The generator of
Cn, σn then acts as multiplication by ωn on Z[ωn]. As a ring, Z[ωn] ∼= Z[X]/(Φn(X)) where Φn(X)
is the nth cyclotomic polynomial of degree ϕ(n), the Euler φ function of n. With respect to the
basis 1, ωn, . . . , ω
ϕ(n)−1
n , the matrix of σn acting on Z[ωn] is the companion matrix of Φn(X).
Proposition 5.21. The lattice corresponding to the group with GAP ID [4,33,2,1] is quasi-invertible
but not quasi-permutation and hence the associated algebraic torus is retract but not stably rational.
Proof. The generators of the group with GAP ID [4,33,2,1] given by GAP are
A =


0 0 −1 0
−1 0 0 0
1 1 1 −2
0 1 0 −1

 , B =


0 1 0 −1
0 0 −1 1
−1 0 0 1
0 1 0 0


It is easy to check that A has order 8 and B has order 12. One could then replace the generators
by A and C = B4 and check that ACA−1 = C−1. This implies that for the semi-direct product
G = C3 ⋊C8 = 〈σ, τ : σ3 = 1, τ8 = 1, τστ−1 = σ−1〉
ρ : G→ GL(4,Z) with ρ(σ) = C and ρ(τ) = A gives a faithful representation of the group.
Note that G has centre Z(G) = 〈τ2〉 ∼= C4 and H3 = 〈σ〉 ∼= C3 is normal. The group H8 = 〈τ〉 ∼= C8
is a Sylow 2-subgroup with 3 distinct conjugates H8 = 〈τ〉, (H8)σ = 〈τσ〉, (H8)σ2 = 〈τσ2〉 which
pairwise intersect in 〈τ2〉. There are then 3ϕ(8) = 12 elements of order 8. Since τ2 is central, τ2σ is
an element of order 12. As the group has order 24, the elements of H12 = 〈τ2σ〉 ∼= C12 account for
the remaining 12 elements of the group. This shows that the only proper subgroups of G are cyclic.
There is exactly one subgroup Hd of G of order d|12 and each is a cyclic subgroup of H12 ∼= C12,
and is normal in G. The only non-normal subgroups are the 3 conjugates of H8 which are cyclic of
order 8.
Let L be the rank 4 lattice with the action of G induced by ρ. We will show that LH3
∼= (IC3)2 and
LH8
∼= Z[ω8].
For the restriction to H3 = 〈σ〉, since the minimal polynomial of C = ρ(σ) is x2 + x + 1, and
C ∈ GL(4,Z), it must have invariant factors x2 + x+ 1, x2 + x+ 1. This is sufficient to show that
QL ∼= Q[ω3]2 ∼= QI2C3 as QH3-modules. We need to check that L ∼= Z[ω3]2 ∼= I2C3 as H3 ∼= C3-
lattices. In fact, one can show that the matrix of ρ(σ) = C with respect to the Z-basis
{e1, Ce1, e3, Ce3} = {e1, e2 − e4, e3,−e1 + e4}
of L is diag(Cx2+x+1, Cx2+x+1) where
Cx2+x+1 =
[
0 1
−1 −1
]
is the companion matrix of x2 + x+ 1. We may then conclude that LH3
∼= (IC3)2.
For the restriction to H8, since A = ρ(τ) is a matrix of order 8 in GL4(Z), it must have minimal
polynomial x4 + 1. Again this is sufficient to conclude that the QH8-module QL is congruent to
Q[ω8]. In fact, one can show that the matrix of A with respect to the Z-basis
{e4, Ae4, A2e4, A3e4} = {e4, e2 − e4,−e1 − e2 + e4, e1 + e2 + e3 − e4}
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of L is the companion matrix Cx4+1 of x
4 + 1 given by

0 1 0 0
0 0 1 0
0 0 0 1
−1 0 0 0


So L restricted to H8 = 〈τ〉 ∼= C8 must be isomorphic to Z[ω8]. We see that this lattice is a
sign-permutation lattice isomorphic to IndC8C2Z−.
Note that L restricted to H3 is quasi-permutation as it is isomorphic to I
2
C3
, the direct sum of 2
quasi-permutation lattices and LH8 is quasi-permutation as it is sign-permutation. This implies
that L is quasi-invertible, since it is quasi-permutation on restriction to its Sylow subgroups.
Now, we need to construct a flasque resolution of L. Note that L ∼= L∗ as a G-lattice. This means
we can construct a coflasque resolution of L and dualise. It turns out that this is easy. Any non-
trivial subgroup H of G contains H2 = 〈τ4〉 ∼= C2 or H3 = 〈σ〉 ∼= C3. Since ρ(τ4) = −I4 shows
that L〈τ
4〉 = 0 and LH3 = (IC3 ⊕ IC3)C3 = 0, we see that for any non-trivial subgroup H of G,
we have LH = 0. So to find a coflasque resolution of L, we need only find a permutation lattice
which surjects onto L. Since L is an irreducible G-lattice, there is a surjection π : ZG → L. If
K = ker(π), then
0→ K → ZG→ L→ 0
is a coflasque resolution and its dual is a flasque resolution of L ∼= L∗. Let F = K∗. Then we have
the flasque resolution
0→ L→ ZG→ F → 0
Since ZG is free as a G-lattice, we have Hˆ0(H,F ) ∼= Hˆ1(H,L) for any subgroup H of G. Now,
Hˆ0(H3, F ) ∼= Hˆ1(H3, L) ∼= Hˆ1(C3, IC3)2 ∼= (Z/3Z)2.
Since LH8
∼= IndC8C2Z− is a sign-permutation lattice we see that
Hˆ0(H8, F ) = Hˆ
1(H8, L) = Hˆ
1(H8, Ind
H8
C2
Z−) ∼= Hˆ1(C2,Z−) = Z/2Z.
Suppose F ⊕ P ∼= Q for some permutation G-lattices P and Q. Setting H24 = G, representatives
of the conjugacy classes of subgroups of G can be given by {Hd, d|24} as described earlier. We
may then write P = ⊕d|24adZ[G/Hd], Q = ⊕d|24bdZ[G/Hd] for some ad, bd ∈ Z. We will obtain a
contradiction by applying Hˆ0 to the equation F ⊕ P ∼= Q for the group G and the subgroup H8.
We observe that Hˆ0(G,F ) ∼= Hˆ1(G,L) = 0. Indeed, since L ∼= L∗ as G-lattices, Hˆ1(H,L) ∼=
Hˆ−1(H,L∗) = kerL(NH)/IH(L) for any subgroup H of G. Since H3 ∼= C3 is a normal subgroup and
is generated by σ with image having minimal polynomial 1+x+x2, it is clear that kerL(NH3) = L.
As H3 is normal in G, NG =
∑
g∈G/H3
gNH3 , and so kerL(NG) = L. Similarly, since H8
∼= C8
is generated by τ with image having minimal polynomial x4 + 1, we see that NH8 =
∑7
i=0 τ
i =∑3
i=0 τ
i(τ4 + 1) has kerL(NH8) = L. But we have seen that Hˆ
−1(H8, L) ∼= Hˆ1(H8, L) ∼= Z/2Z
and Hˆ−1(H3, L) ∼= Hˆ1(H3, L) ∼= (Z/3Z). Since Hˆ−1(H,L) = kerL(NH)/IH(L), we see that 3L ⊆
IH3(L) ⊆ IG(L) and 2L ⊆ IH8(L) ⊆ IG(L). Then we see that IG(L) = L and so Hˆ1(G,L) = 0.
Applying Hˆ0(G, ·) to F ⊕ P ∼= Q, and observing that Hˆ0(G,Z[G/Hi]) ∼= Z/|Hi|Z, we see that we
have
(4)
∑
d|24
xdZ/dZ = 0
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where xd = ad − bd ∈ Z. Tensoring (4) by Z/8Z and equating coefficients of Z/2iZ for i = 1, 2, 3,
we obtain
x2 + x6 = 0, x4 + x12 = 0, x8 + x24 = 0
Now restrict the isomorphism F ⊕ P ∼= Q to H8. Note that Hˆ0(H8, F ) = Z/2Z. By Mackey’s
Theorem,
ResGH8Ind
G
Hd
Z = ⊕H8xHd∈H8\G/HdZ[H8/H8 ∩Hxd ]
For all d 6= 8, Hd is a normal subgroup, and so H8xHd = H8Hdx is a coset of H8Hd in G. Then
ResGH8Z[G/Hd]
∼= Z[H8/H8 ∩Hd][G:H8Hd], d 6= 8
In particular, if d = 1, 2, 4, then Hd ≤ H8, H8 ∩Hd = Hd and H8Hd = H8 and so
ResGH8Z[G/Hd]
∼= Z[H8/Hd]3, d = 1, 2, 4
If d = 3(2k), k = 0, 1, 2, 3, then Hd ∩H8 = H2k , H8Hd = G and so
ResGH8Z[G/Hd]
∼= Z[H8/H2k ], d = 2k3, k = 0, 1, 2, 3
For H8, we see that G = H81H8 ∪H8σH8 = H8 ∪H8σH8 and H8 ∩Hσ8 = H4. So
ResGH8Z[G/H8]
∼= Z⊕ Z[H8/H4]
Taking Hˆ0(H8, ·) of F ⊕ P ∼= Q and comparing coefficients of Z/2iZ, i = 1, 2, 3, we obtain
3x2 + x6 = 1, 3x4 + x8 + x12 = 0, x8 + x24 = 0
Together with our previous set of equations, we obtain a contradiction since x2 + x6 = 0 and
3x2 + x6 = 1 implies 2x2 = 1 but x2 ∈ Z. The contradiction implies that the flasque lattice F
cannot be G-stably permutation and so our lattice L cannot be G-quasi-permutation. 
6. Stable rationality of the torus corresponding to [4,25,8,5]
In this section we present a non-computational proof that the torus corresponding to [4,25,8,5]
is stably rational. In an earlier version, we erroneously concluded that we could prove that this
algebraic torus was rational. It is not clear to this author at this point whether this torus is rational
or not. However, this example may shed some further light on the question of whether or not stably
rational tori are all rational. We provide a lot of information about this case for this reason.
Let G= MatGroupZClass(4,25,8,5). This group is generated by the following elements
g1 =


−1 0 0 0
0 −1 0 0
0 0 0 −1
0 0 −1 0

 , g2 =


1 0 1 0
0 0 1 0
0 0 0 1
0 −1 0 0

 , g3 =


1 −1 1 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 , g4 =


1 0 1 1
0 1 0 0
0 0 −1 0
0 0 0 −1


Let M4 = ⊕4i=1Zei. G stabilises the sublattice M3 = ⊕4i=2Zei. In fact, M3 ∼= ZB3 as a faithful
G ∼= W (B3)-lattice. Under the restriction to M3, g1 acts as τ1τ2τ3(23), g2 acts as τ1(123), g3 acts
as τ1τ2 and g4 acts as τ2τ3. Then (g2)
3 acts as τ1τ2τ3, so that it may be seen that the restriction
generates the same group as 〈τ1, τ2, τ3, (23), (123)〉 = W (B3) ∼= C2 × S4. It can then be checked
that G acts on M4/M3 ∼= Z−N where N = 〈g2, g3, g4〉 = 〈g32〉×〈g3, g4〉⋊ 〈g22〉 ∼= C2×A4. Since G acts
faithfully on M3, the restriction map GL(M4)→ GL(M3) restricts to an isomorphism on G. Then
as in its restriction to M3, we see that 〈g32〉 ∼= C2 is the centre of G, 〈g22〉 normalizes the subgroup
〈g3, g4〉 ∼= C2 ×C2 so that 〈g32 , g3, g4〉 ∼= A4 and 〈g2, g3, g4〉 = 〈g32〉 × 〈g22 , g3, g4〉 ∼= C2 ×A4.
Since N · e1 contains
〈g2〉 · e1 = {e1, e1 + e3, e1 + e3 + e4, e1 − e2 + e3 + e4, e1 − e2 + e4, e1 − e2},
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we see that |N · e1| ≥ 6. Since g22(e1) = g4(e1), and g4 has order 2, then C3 ∼= 〈g4g22〉 ≤ Ne1 . So
3||Ne1 |. But then |Ne1 | = |N |/|N ·e1| ≤ 4 shows thatNe1 = 〈g4g22〉 ∼= C3 and so |N ·e1| = 8. We need
only 2 other orbit elements in addition to the above and they can be seen to be g3e1 = e1−e2+e3
and g2g3e1 = e1+e4. The orbit N ·e1 determines the orbit N ·t1. Clearly 1Nt1
∑
n∈N nt1 ∈ K(M4)N .
From the computation of the N orbit of e1, we see that
z =
1
Nt1
∑
n∈N
nt1 = t1+t1t3+t1t3t4+t1t
−1
2 t3t4+t1t
−1
2 t4+t1t
−1
2 +t1t4+t1t
−1
2 t3 = t1(1+t
−1
2 )(1+t3)(1+t4)
Using the generators of N , it is not difficult to double check that the element z = t1(1 + t
−1
2 )(1 +
t3)(1 + t4) is indeed fixed by N . We will write β = (1 + t
−1
2 )(1 + t3)(1 + t4) ∈ K(M3) so that
z = t1β. Then K(M4) = K(M3)(t1) = K(M3)(z). Since z is fixed by N , we have K(M4)
G =
(K(M3)(z))
G = (K(M3)(z))
N )G/N = (K(M3)
N (z))G/N = L(z)σ where σ = g1N and L = K(M3)
N
Now σ(z) = z−1βσ(β). It is well known that L(z)σ is rational over Lσ = K(M3)
G if and only
if βσ(β) is a norm of the extension LN/LG or equivalently if there exists α ∈ LN such that
βσ(β) = ασ(α) [Ser79, p. 160]. We will rephrase this condition for our particular situation.
Definition 6.1. Let G act on a field L and let M be a G lattice. Then G acts quasi-monomially
on the group ring L[M ] and hence its quotient field L(M) if its action extends the action on the
units L[M ]∗ = L∗ ⊕M from its given action on L∗ and L[M ]∗/L∗ ∼=M so that
1→ L∗ → L[M ]∗ →M → 0
is a short exact sequence of G modules.
Lemma 6.2. Let L be a field on which G acts faithfully. Let N be a normal subgroup of G of
index 2. Let G act on L(Z−N ) = L(t) by a quasi monomial action, extending its action on L.
Then L(Z−N )
G is rational over LG if and only if the action of G on L(Z−N ) can be extended to a
quasi-monomial action on L(Z[G/N ]) if and only if b = gN(t)t ∈ NLN/LG(LN )×).
Proof. Suppose the quasi-monomial action of G on L(Z−N ) can be extended to a quasi-monomial
action on L(Z[G/N ]). We write L(Z[G/N ]) = L(X,Y ) whereX,Y are the multiplicative generators
of Z[G/N ] in L[Z[G/N ]]× corresponding to a permutation basis. Then if σ = gN generates G/N ∼=
C2, σ(X) = αY for some α ∈ L×. Since Z[G/N ] is fixed by N , we see that α ∈ (LN )×. Then
note that σ2 = 1 implies that σ(α)σ(Y ) = X and so σ(Y ) = 1σ(α)X. We assumed that the
quasi-monomial action of G on L(Z−N ) = L(t) can be extended to that on L(Z[G/N ]) = L(X,Y ).
Then t would be mapped to X/Y and so σ(t)t = σ(X)Xσ(Y )Y = σ(α)α as required. Then L(Z
−
N )
G ⊂
L(Z[G/N ])G. The latter field is rational over LG and so L(Z−N )
G is unirational over LG. Since
L(Z−N )
G is of transcendence degree 1 over LG, this means it is rational over LG.
Conversely, if there exists α ∈ (LN )× such that σ(t)t = σ(α)α, we may extend the quasi-monomial
action of G on L(Z−N ) = L(t) to one on L(Z[G/N ]) = L(X,Y ) by the same rule. That is, if σ
is a generator of G/N , then set σ(X) = αY . This implies that σ(Y ) = 1σ(α)X and the inclusion
mapping t → X/Y can be seen to be G invariant. Note that N fixes t,X, Y and so it is only
necessary to determine the action of G/N . 
Remark 6.3. We could apply the lemma to our situation. Here L = K(M3) and G acts quasi-
monomially on K(M4) = K(M3)(Z
−
N ) = K(M3)(z). Then K(M4)
G = (K(M3)
N (z))G/N would be
rational over K(M3)
G if and only if σ(z)z =
∏4
i=2(1+ti)(1+t
−1
i ) can be written as a norm from the
quadratic extension K(M3)
N/K(M3)
G. Unfortunately, as we do not have an explicit description of
the field K(M3)
N , it is not obvious to the author how to solve such a norm equation. If this were
the case, then K(M4)
N would be rational over K(M3)
G since we already know that K(M3)
G is
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rational over KG as M3 is a sign permutation lattice. However, if it is not the case, which may well
be true, this does not solve the rationality problem for K(M4)
G. Finding a subfield E such that
K(M4)
G/E is non-rational but E/KG is rational does not rule out the rationality of K(M4)
G/KG.
We can however give an explicit proof of the stably rationality of K(M4)
G over KG.
We first construct a coflasque resolution ofM∗4 . Let e
∗
i ,i = 1, . . . , 4 be the dual basis of the standard
basis e1, . . . e4 and recall that the matrix of the action of each group element on a dual lattice with
respect to the dual basis is the inverse transpose of its matrix with respect to the original basis.
We need to determine a permutation G-lattice which surjects onto M∗4 . Note that G · e∗1 = {±e∗1}.
It is clear that N = 〈g2, g3, g4〉 ⊂ Ge∗
1
. We have seen that N ∼= C2 × A4, so N is of index 2 in G
and so Ge∗
1
= N . Note also that 〈g2〉 has orbit {e∗2,−e∗4,−e∗3,−e∗1 − e∗2,−e∗1 + e∗4,−e∗1 − e∗3}. Since
g1e
∗
2 = −e∗2, it is clear that
γ = {±e∗2,±e∗3,±e∗4,±(e∗1 + e∗2),±(e∗1 − e∗3),±(e∗1 − e∗4)}
is contained in G · e∗2. Since g4e∗2 = e∗2, g3(e∗2) = g32(e∗3) = −e∗1 − e∗2, and g23 = g24 = 1, we see that
Ge∗
2
contains 〈g3g32 , g4〉 ∼= C2 ×C2. Then since |G · e∗2| ≥ 12 implies |Ge∗2 | ≤ 4, the orbit calculation
shows that we must have Ge∗
2
= 〈g3g32 , g4〉 and G · e∗2 = γ.
Since ZG · e∗1 + ZG · e∗2 contains {e∗1, e∗2, e∗3, e∗4}, we see that the map of G-lattices π : Z[G/Ge∗1 ]⊕
Z[G/Ge∗
2
]→M∗4 sending gGe1∗ → g · e∗1 and gGe∗2 → g · e∗2 is surjective.
Note for a finite group G acting on a set X, a permutation Z-basis of a transitive permutation
G-lattice Z[G/Gx] for some x ∈ X, is in bijection with the elements of the orbit G · x. We will
write p(g · x) in place of gGx. Then this basis of Z[G/Ge∗
1
]⊕ Z[G/Ge∗
2
] will be written as
{p(x) : x ∈ G · e∗1} ∪ {p(y) : y ∈ G · e∗2}
The map π then sends p(x) → x for all x ∈ G · e∗1 ∪ G · e∗2. As x ∈ G · e∗i , i = 1, 2 if and only if
−x ∈ G · e∗i , it is then easy to see that p(x) + p(−x) is in ker(π) for all x ∈ G · e∗1 ∪G · e∗2 and that
the set
{p(x) + p(−x) : x ∈ G · e∗1 ∪G · e∗2}
is G-stable. So we see that ker(π) has a permutation G-sublattice
Q = Z[G/Gp(e∗
1
)+p(−e∗
1
)]⊕ Z[G/Gp(e∗
2
)+p(−e∗
2
)] ∼= Z⊕ Z[G/D8]
where we note that G/Gp(e∗
2
)+p(−e∗
2
)
∼= 〈g1, g3g32 , g4〉 ∼= D8 since g1(g3g32)g−11 = g4. From the
calculation of the G-orbits G ·e∗1 and G ·e∗2 above, we see that a permutation basis of Q is given by
β = {p(x) + p(−x) : x ∈ {e∗i : i = 1, . . . , 4} ∪ {e∗1 + e∗2, e∗1 − e∗3, e∗1 − e∗4}}
A straightforward calculation shows that we may extend the permutation basis β for Q to a Z-basis
for C = ker(π) by adding the vectors {r1i : i = 2, 3, 4} where
r12 = p(e
∗
1 + e
∗
2)− p(e∗1)− p(e∗2), r13 = p(e∗1 − e∗3)− p(e∗1) + p(e∗3), r14 = p(e∗1 − e∗4)− p(e∗1) + p(e∗4)
As we have seen, G acts by permutations on the sublattice Q ∼= Z ⊕ Z[G/D8] of C. We will be
interested in the action of G on the remaining basis vectors and hence on C/Q. As our calculations
will involve the restrictions to the Sylow subgroups of G, we will replace the generators with
{g1, g32 , g32g3, g4, g42}. We note that a Sylow 3-subgroup of G is 〈g42〉 ∼= C3 and a Sylow 2-subgroup
of G is 〈g32 , g1, g32g3, g4〉 ∼= C2 ×D8. Note that 〈g32〉 ∼= C2 is central and g1 conjugates g32g3 to g4.
We will write the basis vectors for Q as si = p(e
∗
i ) + p(−e∗i ), i = 1, . . . , 4,
s12 = p(e
∗
1+ e
∗
2) + p(−(e∗1+ e∗2)), s13 = p(e∗1− e∗3) + p(−(e∗1− e∗3)), s14 = p(e∗1− e∗4) + p(−(e∗1− e∗4))
We will compute the action of the generators of G on C:
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g1 swaps e
∗
1 and −e∗1, e∗2 and −e∗2, e∗3 and −e∗4, This shows that g1 fixes s1, s2, s12 and swaps s3 and
s4, s13 and s14. g1(r12) = s12−s1−s2−r12, g1(r13) = s14−s1+s4−r14, g1(r14) = s13−s1+s3−r13.
g32 fixes e
∗
1, and swaps e
∗
2 and −(e∗1 + e∗2), e∗3 and e∗1 − e∗3, e∗4 and e∗1 − e∗4. This shows that g32 fixes
s1, and swaps s2 and s12; s3 and s13; s4 and s14. g
3
2(r12) = −s12+ s2+ r12 and g32 fixes r13 and r14.
g32g3 fixes e
∗
1, e
∗
2, e
∗
3, and swaps e
∗
4 with e
∗
1− e∗4. Then g32g3 fixes s1, s2, s3, s12, s13 and swaps s4 and
s14. This shows also that g
3
2g3 fixes r12, r13, r14.
g4 fixes e
∗
1, e
∗
2, e
∗
4, and swaps e
∗
3 with e
∗
1 − e∗3. Then g4 fixes s1, s2, s4, s12, s14 and swaps s3 and s13.
This shows also that g4 fixes r12, r13, r14.
g42 fixes e
∗
1 and sends e
∗
2 to −e∗3, e∗3 to e∗1 − e∗4, e∗4 to e∗1 + e∗2. Then g42 fixes s1 and sends s2 to
s3, s3 to s14, s4 to s12, s12 to s13, s13 to s4 and s14 to s2. Then g
4
2(r12) = r13 − s3, g42(r13) = r14,
g42(r14) = r12 + s2.
From this calculation, it is clear that G acts on C/Q as a sign permutation lattice. In fact,
〈g32 , g32g3, g4〉 ∼= C32 fix C/Q pointwise, g1(r12 + Q) = −r12 + Q, g1(r13 + Q) = −r14 + Q and
g1(r14 +Q) = −r13 +Q, g42 acts as r12 +Q→ r13 +Q→ r14 +Q→ r12 +Q.
We will show that C is invertible which in turn implies that it is coflasque and flasque. According
to [CW90], to check that C is invertible it suffices to check that FpC is FpSylp permutation for each
Sylow p-subgroup Sylp of G and for any Sylow 2 subgroup Syl2, additionally we must check that
dimQ(QC)
Syl2 = dimF2(F2C)
Syl2 .
For p = 3, we note that a Sylow p-subgroup 〈g42〉 ∼= C3 acts by permutations on C/Q and so
0 → Q → C → C/Q → 0 splits as a C3 = 〈g42〉 lattice. Then C restricted to C3 is isomorphic to
Q⊕C/Q restricted to C3 and so is permutation. In fact CC3 ∼= ZC33 ⊕Z. Then it is clear that F3C
is also F3C3 permutation.
For p = 2, from the earlier description of the action of G on C, one can check that the following is
a permutation basis for F2C as an F2Syl2 module where Syl2 = 〈g1, g32 , g32g3, g4〉:
{s2, s3, s4, s12, s13, s14, r12 + s1 + s2, r12 + s12, r14, r13 + s13 + s1 + s3}
A calculation also shows that the orbits of this permutation basis under Syl2 are {s2, s12}, {s3, s4, s13, s14},
{r12 + s1 + s2, r12 + s12} and {r14, r13 + s13 + s1 + s3} and so dimF2(F2C)Syl2 = 4.
On the other hand, from the exact sequence 0→ Q→ C → C/Q→ 0, we see that
0→ QSyl2 → CSyl2 → (C/Q)Syl2 → 0
since Q is permutation and so is coflasque. Since the permutation lattice Q has orbits {s1} ∪
{s2, s12}∪ {s3, s4, s13, s14} under Syl2, we see that rank(QSyl2) = 3. Since C/Q is sign permutation
and is fixed by 〈g32 , g32g3, g4〉, then (C/Q)Syl2 = (C/Q)〈g1〉 = Z(r13 − r14). So dimQ(QC)Syl2 =
rank(CSyl2) = rank(QSyl2) + rank((C/Q)Syl2) = 3 + 1 = 4. Since this agrees with dimF2(F2C)
Syl2
and FpC is FpSylp-permutation for all Sylow p-subgroups Sylp of G, then C is invertible as required.
[Note that although
0→ F2Q→ F2C → F2(C/Q)→ 0
is an exact sequence of F2Syl2 modules with 2 end modules permutation, this sequence does not
split. This can already be seen when restricting the exact sequence above to the subgroup 〈g1〉.
This means that one cannot use the same argument as in the p = 3 where the sequence splits
integrally.]
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So we now have a coflasque resolution for M∗4 for which the coflasque lattice is invertible. This
gives us a flasque resolution for M4 for which the flasque lattice C
∗ is invertible. We need to show
that C is stably permutation, which would then imply the same for C∗.
Since C/Q is sign-permutation, it is quasi-permutation and self-dual, so that there must exist a
sequence 0→ P0 → P1 → C/Q → 0 where P0, P1 are permutation. Explicitly, C/Q ∼= IndGSyl2Z
−
C3
2
,
Indeed, for any transitive sign permutation lattice S for a group G with v an element of the sign
permutation basis for S, if Gv is the stabilizer subgroup of v and G
±
v = {g ∈ G : gv = ±v}, we
may see that S ∼= IndG
G±v
Z−Gv , via the map gv 7→ g ⊗ z, g ∈ G where z is a basis of the rank 1 sign
lattice Z−Gv of G
±
v with kernel Gv . In our case C/Q is a transitive sign permutation lattice with
sign permutation basis {r12, r13, r14}. It is easy to see that C32 fixes r12 pointwise and that the orbit
of r12 under G is {±r12,±r13,±r14}. So the stabilizer subgroup of r12 is C32 . It is similarly easy to
check that G±r12 is Syl2. Then the exact sequence of Syl2 lattices
0→ Z → Z[Syl2/C32 ]→ Z−C3
2
→ 0
induces an exact sequence of G lattices
0→ Z[G/Syl2]→ Z[G/C32 ]→ IndGSyl2Z
−
C3
2
→ 0
Since the last term of this exact sequence is isomorphic to C/Q, we can produce a pullback diagram:
Z[G/Syl2]
=
//


Z[G/Syl2]


Q // //
=

pull-back // //


Z[G/C32 ]


Q // // C // // IndGSyl2Z
−
C3
2
Since Q and Z[G/C32 ] are permutation, the middle row splits. Also, since we have shown that C is
invertible and Z[G/Syl2] is permutation, we also have Ext
1
G(C,Z[G/Syl2]) = 0 since C is the direct
summand of a permutation lattice. Thus, also the middle column splits. We then see that
C ⊕ Z[G/Syl2] ∼= Q⊕ Z[G/C32 ] = Z⊕ Z[G/D8]⊕ Z[G/C32 ]
is stably permutation as required. This shows that M4 is G quasi-permutation as it then satisfies
a G exact sequence:
0→M4 → Z[G/N ] ⊕ Z[G/C22 ]⊕ Z[G/Syl2]→ Z⊕ Z[G/D8]⊕ Z[G/C32 ]→ 0
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